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Conductivity of a two-dimensional curved microconstriction
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Abstract

The quantum conductance of a long two-dimensional curved microconstriction has been considered theoretically. It is
shown that over-the-barrier-re6ection of electrons at points in which the curvature of the surface is changed, results in 7ne
structure of quantum steps of the conductance. The observation of this structure would be a demonstration of the in6uence
of the curvature on the quantum properties of two-dimensional electrons. ? 2001 Elsevier Science B.V. All rights reserved.
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The two-dimensional electron gas (2DEG) has
been a favorite model system for investigation of a
variety of interesting quantum e;ects (for review,
see Ref. [1]). It is practically realized, for example,
in the inversion layers of GaAs heterostructures and
Si metal-oxide–semiconductor 7eld-e;ect transistors.
As model systems, these structures possess desirable
properties. The low electron density (ns = 1011–
1012 cm−2) implies a large Fermi wavelength �F

(typically 40 nm). The electron mean free path, l, in
the above systems is quite large, exceeding 10 �m
in GaAs heterostructures. That is why some peculiar
quantum e;ects have been observed in the 2DEG [1].
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Over the last 10 years, experimentalists have
been able to fabricate di;erent conducting devices
in 2DEG, among which the microconstrictions with
the dimensions comparable with the Fermi wave-
length �F are of particular interest. An interesting
phenomenon observed in such microconstrictions is
conductance quantization: the electrical conductance
admits only discrete values nG0, where n is an integer
and G0 = 2e2=h is the unit of conductance [2,3].

A further experimental development is the fabrica-
tion of non-planar two-dimensional electron systems
[4–6]. A non-planar 2DEG can be produced using re-
growth technology on previously patterned substrates.
Using this method, it is possible to produce steps, and
virtually any other feature in the 2DEG, rendering the
investigation of electron motion on shaped surfaces
possible [5,7,8]. Theoretical studies of various aspects
of these shaped systems, such as their transport prop-
erties, have been reported [9–11].
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Fig. 1. Schematic of the experimental geometry, in which the
e;ect of the surface curvature may be investigated.

The 2DEG in foregoing structures is not an ideal
two-dimensional system. Electrons in them are con-
7ned to a potential well. As a result of con7nement, the
conduction band splits into a series of two-dimensional
subbands. At low electron density only the lowest
subband is partially occupied and the electrons freely
move in a plane. The extension of the wavefunction in
the direction perpendicular to the interface is of the or-
der of 3–30 nm depending on the width of the well and
the electron density. Hence, the electrons are “aware”
of properties of surface. The Schrodinger equation for
a quantum mechanical particle, constrained to a curved
surface includes a geometrical potential term, which
depends on the geometry of the surface [12]. For a 6at
sheet, the geometrical potential vanishes, but all ki-
netic and thermodynamic properties of a curved 2DEG
will depend on this potential.

In this note we propose the basic idea of a novel
experiment, in which the e;ect of “the geometrical po-
tential” on electrical conductance of a curved 2DEG
constriction can be observed and measured. Let us
consider a clean, narrow, ribbon-shaped microcon-
striction between two large conducting banks best as
shown in Fig. 1. It is adiabatically smooth on the scale
of Fermi wavelength �F. In the zeroth order of re6ec-
tion (6at surface) the 2e2=h conductance quantization
is obtained [13]. The conductance G of quantum
contacts can be described by the Landauer formula
[14–16]. At zero temperature, but 7nite voltages
(eV � �F), this formula is written as

G =
e2

h

N∑
n=1

[
Tn

(
�F +

eV
2

)
+ Tn

(
�F − eV

2

)]
; (1)

where the sum runs over the total number of prop-
agating transversal quantum modes. These modes
arise from the 7nite width of the constriction which
discretizes the transversal momentum of an elec-
tron in the constriction. When a bias voltage eV
is applied, the net current inside a long constric-
tion is determined by the contributions of two elec-
tronic beams, di;ering in bias energy and moving
in opposite directions [17]. The two terms in Eq.
(1) correspond to these two beams. When contact
width is increased, the energy of each transversal
mode decreases and at a certain value of the con-
tact diameter a new quantum mode opens up but
not simultaneously for the two beams. Whenever
a quantum mode becomes available to any of the
two directions of the electron wave vector along the
constriction, the conductance jumps by G0=2 [18].
If the bias eV is larger than the distances between
the minimal energies of quantum modes, it is pos-
sible to change the number of opened modes by
changing the voltage V . Hence, in this case the con-
ductance jumps in sequence of steps of height G0=2,
as a function of the voltage V [19]. The transmis-
sion probability of the nth mode, Tn depends on the
maximum energy of electrons, and must be found by
solving the Schrodinger equation. It can be shown
that for a 2DEG rigidly bound to the curved sur-
face r = r(q1; q2), the Schrodinger equation is given
by [12]

˝2
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)
+VS(q1; q2) = � ; (2)

where gij = (9r=9qi)(9r=9qj) denote covariant com-
ponents of the metric tensor of the surface and
g = det(gij), m is the e;ective mass of electrons, � is
the electron energy and VS(q1; q2) is the “geometrical
potential”,

VS(q1; q2) = − ˝
2

8m
(�1 − �2)2; (3)

where �1 and �2 are the principal curvatures of the
surface at the point q1; q2.

We assume a ribbon-shaped microconstriction, in
which the non-planar parts are portions of a cylinder
with radius a and width d. For this geometry one of the
curvatures is equal to zero and the second is constant
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(Fig. 1). In terms of the coordinates s along the contact
axis and z along the cylindrical surface, we 7nd

− ˝2

2m

(
92

9s2 +
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9z2 +
�2(s)

4

)
 = � ; (4)

where

�(s) =




0; |s|¿ �a;
1
a
; |s|¡ �a:

(5)

In fact there are two turning points at s = ±�a=2,
where the potential vanishes. But the width of these
6at sections is essentially zero. So they have no ef-
fect on the results. The wavefunction  vanishes at
the boundary of the constriction z = ±d=2. Eqs. (4)
and (5) correspond to the motion of a quantum par-
ticle over potential well, with the energy larger than
the depth of the well. The transmission coeOcient of
this system is well known [20],

Tn(�) =

[
1 +

1
4

(
k ′n
kn

− kn
k ′n

)2

sin2(2�k ′na)
]−1

; (6)

where
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1
˝
√

2m(�− �n); (7)
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√
k2
n +

1
4a2 : (8)

�n = (˝2=2m)(�n=d)2 is the energy spectrum of the
motion transverse to the contact axis. As a result of
the electron re6ection at the points s = ±�a, where
the potential energy is changed, the transmission co-
eOcient oscillates as a function of energy and contact
width. Changing the contact size, the maximum value
of the electron wave vector kn along the contact axis
is changed. Since the transmission Tn depends on kn,
a 7ne structure appears in the quantum steps of the
conductance (Fig. 2). A similar behavior is obtained,
as a function of the applied bias eV (Fig. 3).

For the experimental realization and the observa-
tion of the above e;ects one needs a long and perfectly
clean constriction in a 2DEG with smooth boundaries
and narrow width d∼ �F, which is adiabatically con-
nected to massive banks. The radius of the curved
part, a, is of the order of the Fermi wavelength �F

at liquid-helium temperatures (T = 10−3–10−2�F). In

Fig. 2. The normalized conductance G as a function of the normal-
ized constriction width d; a = 0:5�F for solid line, and a = 5�F

for dashed line.

Fig. 3. The voltage dependence of the conductance for
d = 3�F; a = 0:5�F for solid line and a = 5�F for dashed line.

order to observe the e;ect of the curvature on the volt-
age dependence we should have the contact width near
but smaller than n�F=2 (n is an integer). Then the new
conducting mode can be switched on by a small bias.
All these conditions can be realized experimentally.

A similar non-monotonic dependence of conduc-
tance steps can be caused by the electron re6ection
from the ends of the constrictions [21] and by quan-
tum interference processes involving impurity scatter-
ing inside the constriction [1], both of which make the
interpretation of experimental results diOcult. Hence,
for the observation of the e;ect of curvature on the
electron re6ection, adiabatic connection of the con-
striction to the banks and absence of electron scatter-
ing from impurities are very important. The e;ect of
quantum interference depends on the positions of im-
purities [22] and will change or disappear after ther-
mal cycling of the sample.
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The positive result of the proposed experiment will
be the demonstration of the existence of the “geomet-
rical potential”, and the in6uence of the curved sur-
face on the two-dimensional motion on the electron.
The positions of the minima in G(V; d) depend on a
and this makes it possible to estimate the radius of
curvature of the curved constriction.
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