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Abstract Given a function f on the positive half-line Ry and a sequence (finite
or infinite) of points X = {x¢}_, in R", we define and study matrices Sx(f) =
Lf llxi — x| )];‘” =1 called Schoenberg’s matrices. We are primarily interested in those

matrices which generate bounded and invertible linear operators Sx (f) on 22(N). We
provide conditions on X and f for the latter to hold. If f is an ¢>-positive definite
function, such conditions are given in terms of the Schoenberg measure o y. Examples
of Schoenberg’s operators with various spectral properties are presented. We also
approach Schoenberg’s matrices from the viewpoint of harmonic analysis on R”,
wherein the notion of the strong X -positive definiteness plays a key role. In particular,
we prove that each radial £>-positive definite function is strongly X -positive definite
whenever X is a separated set. We also implement a “grammization” procedure for
certain positive definite Schoenberg’s matrices. This leads to Riesz—Fischer and Riesz
sequences (Riesz bases in their linear span) of the form Fx (g) = {g(- — x;)}x jex for

certain radial functions g € L2(R™).
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1 Introduction

Positive definite functions have a long history, entering as an important chapter in all
treatments of harmonic analysis. They can be traced back to papers of Carathéodory,
Herglotz, Bernstein, culminating in Bochner’s celebrated theorem from 1932 to 1933.
See definitions in Sect. 2.1.1.

In this paper we will be dealing primarily with radial positive definite functions
(RPDF). RPDF’s have significant applications in probability theory, Fourier analy-
sis, and approximation theory, where they occur as characteristic functions or Fourier
transforms of spherically symmetric probability distributions [18,20,34,36], covari-
ance functions of stationary and isotropic random fields [29], radial basis functions in
scattered data interpolation [37], data assimilation in geodesy [23].

We stick to the standard notation for the inner product (u, v), = (u, v) = ujv; +
...+ uyv, of two vectors u = (uy, ..., u,) and v = (v, ..., v,) in R"?, and ||ul|, =
llull = «/{u, u) for the Euclidean norm of u. Let us emphasize from the outset that
throughout the whole paper 7 is an arbitrary and fixed positive integer.

Definition 1.1 A real-valued and continuous function f on Ry = [0, co) is called

a radial positive definite function on R", if for an arbitrary finite set {x{, ..., x;,} of
points x; € R”, and an arbitrary finite set {£, ..., &;,} of complex numbers & € C
m
> flx —x1D&jE = 0. (1.1)
k,j=1

We denote this class by ®,,.
The characterization of RPDF’s is a fundamental result of 1. Schoenberg [30,31]
(see, e.g., [3, Theorem 5.4.2]).

Theorem 1.2 A function f € ®,, f(0) = 1, if and only if there exists a probability
measure v on Ry such that

f(r)=/oo Q,(rt)yve(dt), reRy, (1.2)
0
where
_ 2\ 5 _ T@+D s\ n
20=ra+1 () W= 2 G+ D (-5) a5
(1.3)
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Jy is the Bessel function of the first kind and order q. Moreover,
Q(llxl) = / ¥, (du),  x eR", (1.4)
sn—1

where s, is the normalized surface measure on the unit sphere S"~' C R”".

The first three functions €2,, n = 1, 2, 3, can be computed as

sins
Qi(s) =coss, Q(s) = Jo(s), Q3(s) = - (1.5)

The main object under consideration in this paper arises from the definition of
RPDF’s.

Definition 1.3 Let X = {x;};_; C R" be a (finite or infinite) set of distinct points
in R”, and let f be a real-valued function defined on the right half-line R . A matrix
(finite or infinite)

Sx(f) = 1fUxi —x;IDIY =y, o = o0, (1.6)

will be called a Schoenberg matrix generated by the set X and the function f. This
function is referred to as the Schoenberg symbol.

It is clear that Sx(f) is a Hermitian (real symmetric) matrix. By the definition, a
function f € &, if for each finite set X C R”" the Schoenberg matrix Sx(f) is
nonnegative definite, Sx (f) > 0.

We undertake a detailed study of Schoenberg’s matrices from two different points
of view. The first one, considered in Sect. 3, comes from operator theory.

If the columns of Sx(f) are in ¢% .= ¢%(N), then one can associate a closed
symmetric operator Sx (f) with Sx(f) in a natural way (see Sect. 3.1). We call it a
Schoenberg operator. If Sx(f) appears to be bounded, a matrix Sy (f) (admitting
some abuse of language) will be called bounded. The first main goal of the paper is
to find necessary and sufficient conditions on X and f, which ensure that the matrix
Sx (f) is bounded. We also suggest conditions on X and f for Sx (f) to be invertible,
i.e., to have a bounded inverse.

Denote by L£(X) the linear span of X, a subspace in R"” of dimension d =
dim £(X) < n. Throughout the paper we assume that X is a separated set, i.e.,

dy = dy(X) := inf ||x; — x;] > 0, (1.7)
i#j

(the term uniformly discrete is also in common usage). We denote by X, the class of
all separated sets X C R” with dim £(X) = d. With no loss of generality we can
assume that x; = 0.

Next, denote by M the class of nonnegative and monotone decreasing functions

feMyr f=0. fl. fO=L (1.8)

Birkhauser



918 J Fourier Anal Appl (2015) 21:915-960

With this preparation our main result on boundedness of Sx (f) reads as follows.
Theorem 1.4 Let f € My, X € Xy, d < n.
Q) Ifr?1 () e LI(R+), then the Schoenberg operator Sx (f) is bounded on €*

and J
)/ =1 F @) dr. (1.9)
0

(i) Moreover, Sx (f) has a bounded inverse whenever, in addition,

2
ISx(Hll < 1+d (d*(x)

1/d

2/d | ,d—1
d*(X) > Sd ”t f||L1(R+)‘

(1.10)

(iii) Conversely, let Sy(f) be bounded for at least one §-regular set Y. Then
17N f() e LYRy).

Concerning regular sets see Definition 3.3. For instance, X = §Z" is §-regular.

In particular, Theorem 1.4 completely describes bounded operators Sy (f) with
symbols f from the classes @, («) defined below in Sect. 2.1.3.

Our second viewpoint on Schoenberg’s matrices is related to harmonic analysis on
R".

It was proved in [33] (see also [16, Theorem 3.6]) that for each function f € ®,
and each finite set of distinct points X C R” the Schoenberg matrix Sx (f) is positive
definite and non-singular, that is, the minimal eigenvalue A, (Sx (f)) > 0. This fact
has been heavily exploited in [16] for investigation of certain spectral properties of
2D and 3D Schrodinger operator with a finite number of point interactions.

The situation is much more delicate for infinite test sets X.

Definition 1.5 Let f € &, and X = {xi}reny C R". We say that f is strongly
X-positive definite if for any set & = {&1,...,&,} C C of complex numbers, not
identically zeros, and any finite set {x;}""_, of distinct points x; € X there exists a
constant ¢(X) > 0, independent of & and m and such that

> Flla = x0EE > (X)) D & (L.11)

k,j=1 k=1

The same definition with obvious changes applies to general (not necessarily radial)
positive definite functions.

We show that if f € ®, is strongly X-positive definite, then X is necessarily
separated (see Proposition 3.21).

Our second main goal is to find properties of f € @, which ensure f to be strongly
X-positive definite for each X € X,,. In this direction we obtain the following result.

Theorem 1.6 Let (const #) f € @y, n > 2, with the representing measure vy from
(1.2). If vy is equivalent to the Lebesgue measure on R, then f is strongly X-positive
definite for each X € &,,.
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It might be worth noting that for each f € ®,, there exists a separated set X (f) so
that f is strongly X (f)-positive definite [21, Corollary 2.19].
Actually, the most complete result on the strong X-positive definiteness and the

boundedness of Sx () is obtained for the class @ := [ D, and its subclasses
neN
O (a), a € (0, 2] defined in the next section. It looks as follows.

Theorem 1.7 Let f € Ooo(x), 0 < @ < 2. Then

(1) f isstrongly X -positive definite for each X € Xy, d € N. In particular, if Sx (f)
generates an operator Sx (f) on €2, then it is positive definite and so invertible.
(ii) If the Schoenberg measure oy in (2.6) satisfies

x4
/ sTeor(ds) < o0, d e N, (1.12)
0

then the Schoenberg operator Sx (f) is bounded and invertible for each X € Xj.
(iii) Conversely, if Sy (f) is bounded for at least one §-regular set Y € X, then
(1.12) holds.

The notion of the strong X-positive definiteness makes sense for any f € &,
regardless of whether the Schoenberg operator Sx (f) is well defined or not. In the
former case the strong X -positive definiteness of f is identical to positive definiteness
of Sx(f), i.e., validity of the inequality

(Sx(f)h, h) > ¢||h|?, h € dom Sx (f) c ¢ (1.13)

with some ¢ > 0 independent of . So Definition 1.5 merely extends property (1.13)
of Sx (f), when the latter exists, to the case of an arbitrary Schoenberg matrix Sx (f),
not necessarily generating an operator in £2.

A concept of “grammization” plays a key role in the rest of the Sect. 4.

It is a common knowledge that every positive matrix is a Gram matrix of a certain
system of vectors

A=lajjlijen 20 & A= [{¢i, )i jen = Gr({@r}ren, H), (1.14)

{¢k }ren are vectors in a Hilbert space H. The main applications of Theorems 1.4 and
1.6 are based on the grammization procedure for certain Schoenberg’s matrices and
concern Riesz-Fischer and Riesz sequences of translates Fx(g) = {g(- — x;)} eN,
X = {xj}jen C R", of radial functions g € L2(R™).

Let us recall some basic notions from harmonic analysis on the Hilbert spaces ([25,
Sect. C.3.3], [40]).

Definition 1.8 Let 7 = {h},cn be a sequence of vectors in a Hilbert space .
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(1) F is called a Riesz—Fischer sequence if for all {&(,--- ,&,} C Cand m € N
there is a constant ¢ > 0 such that
m 2 m
D oEihj| = D IE (1.15)
j=1 H j=1
(ii) F is called a Bessel sequence if for all {£1,--- , &,} C C and m € N there is a
constant C < oo such that
m 2 m
DoEhj| = C? Y IE P (1.16)
j=1 H j=1

(iii) F is called a Riesz sequence (or a Riesz basis in its linear span) if F is both
Riesz—Fischer and Bessel sequence. If F is complete in H, F is referred to as a
Riesz basis.

Theorem 1.9 Let g € L2(R"), n > 2, be a real-valued and radial function such that
its Fourier transform

1 .
201 == GoP /R g(x)e ¥ dx £ 0 (1.17)

a.e., and let X = {x;};en C R". Then the following statements are equivalent.

(i) Fx(g) =1{g(- — x;)}jen forms a Riesz—Fischer sequence in LR,
(ii) Fx(g) is uniformly minimal in L2(R");
(iii) X is a separated set, i.e., di(X) > 0.

Theorem 1.10 Let g € LZ(R”), n > 2, be a real-valued and radial function such that
its Fourier transform g # 0 a.e., and let X = {x;}jen C R". Assume that

v() = ” ﬁuﬁg” If(l e L'R™), &eR", (@) :=/R gt +y)g(y)dy.
t|= n
(1.18)

Then the following statements are equivalent.

(1) Fx(g) forms a Riesz sequence in L2(R");
(i) Fx(g) forms a basis in its linear span;
(i) Fx(g) is uniformly minimal in L*(R");
(iv) X is a separated set, i.e., dy(X) > O.

For minimal and uniformly minimal sequences of vectors see Definition 4.20.

Corollary 1.11 Let g € LZ(R”), n > 2, be a real-valued and radial function with
compact support, g # 0, and let X = {x;};en C R". The sequence Fx(g) forms a
Riesz sequence in L*>(R™) if and only if X is a separated set.
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Remark 1.12 Ttis worth mentioning the following result which is a special case of [12,
Theorem 1.2]: no sequence Fy (g) of translates can form a Riesz basis for LZ(R"). In
particular, for a radial function g € L?(R") with compact support the system Fy (g)
can be complete in L2(R™) only for sets X with d,(X) = 0.

The idea of the proof relies upon the fact that the system Fx(g) performs the
grammization of a certain Schoenberg’s matrix. Indeed, it is clear that the inner product
of two translates g (-) :== g(- — &) and g, (-) :=g(- —n), &, n € R"is

(8s: &n)r2@ny = f(1=6),  f(0) = /R g + g () dy. (1.19)

Moreover, the function f is positive definite. In fact, the class of functions f (1.19) is
exactly the class of all positive definite functions with absolutely continuous Bochner’s
measures (the latter result is known as the Wiener—Khinchin criterion). Clearly, f is
a radial function as long as g is, so f € ®,. Thus we come to the following principal
equality

Gr(Fx(g), L*(R") = Sx(f). (1.20)

So once we show that the Schoenberg operator Sx (/) is bounded and invertible on
£2, the result of Theorem 1.10 is immediate from the classical theorem of Bari (see
[15, Theorem 6.2.1], [25, Sect. 3.3.1, (iv)]). The latter claims that the property of the
Gram matrix Gr{¢y }xen to generate a bounded and invertible operator on £ amounts
to the sequence {¢}ren to be a Riesz sequence in the corresponding Hilbert space.
Thereby we make up a bridge between Riesz sequences and Gram matrices on the one
hand and Schoenberg’s matrices and operators on the other hand.

We consider a number of examples which satisfy the assumptions of Proposition
1.9 and Theorem 1.10. Among them

m
g(x) = ga(x) = e g(x) = 8a.u(x) = (”z—”) Ky (alxl),  (1.21)

where K, is the modified Bessel function of the second kind and order 1,0 < . < n/4.

Let us emphasize, that our choice of the second system in (1.21) is also motivated
by applications to certain elliptic operators with point interactions, since the functions
8a,n (- — xj) occur naturally in the spectral theory of such operators for certain other
values of . We hope to continue the study of this subject in our forthcoming papers.

It is worth stressing that in the abstract setting the uniform minimality is much
weaker than the Riesz sequence property. Nonetheless the equivalence of these prop-
erties is well known for certain classical systems such as

(i) Exponential system {eikkx}kkeg inL2[0,a),a < 00, provided thatinf; (Im Ag) >
—00.
(i1) The system of rational functions

{(I=aH2 (A=) yep € LAT), Di={z: ]zl <1}, T:={z:|z]=1}

Birkhauser
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From the very starting point we were influenced by the paper [21], wherein a tight
relation between the spectral theory of 3D Schrodinger operators with infinitely many
point interactions and RPDF’s in R3 was discovered and exploited in both directions.
In particular, a special case of Theorem 1.7 (for n = d = 3 and « = 1) was proved
in [21] by applying machinery of the spectral theory and the grammization of the
Schoenberg—Bernstein matrix Sy (e~%%), which is achieved for n = 3 by the system

a T e—aHX—)Cj”
ga1p(x —xj) = | —— Kipalx —xjl) = /> 0"l jeN,
@l / = / 2 x — ]

(see 4.28). However the spectral methods applied in [21] cannot be extended to either
n > 4 or a # 1. Our reasoning is based on the harmonic analysis on R” and works
for an arbitrary dimension n > 2.

2 Preliminaries

2.1 Positive Definite Functions

Recall some basic facts and notions related to positive definite functions [3,7,34,37].

Definition 2.1 A function 4 : R" — C is called positive definite on R" if h is

continuous at the origin, and for arbitrary finite sets {xi,...,xu,}, xx € R" and
{€1,...,&n} C C we have
m
D h —x))EjE = 0. @D
k.j=1

The set of positive definite function on R” is denoted by @ (R"). Clearly, a function
h € ®(R") if and only if it is continuous at the origin, and the matrix By (h) :=
[h(xk —xj)]ij:1 is nonnegative definite, Bx (h) > 0, for all finite subsets X = {x; }’;1:1
in R". '

A celebrated theorem of Bochner [10] gives a description of the class ®(R").

Theorem 2.2 A function h is positive definite on R" if and only if there exists a finite
positive Borel measure [y, on R" such that

h(x):/ Yy (du),  x e R (2.2)
Rn

When £ is a radial function, h(-) = f(|| - |I), f € @, the representing measure vy
in (1.2) is related to the Bochner measure w; by ve{[0, 7]} = up{llx|l < r} (cf. [3,
Sect. V.4.2]).
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2.1.1 Class ® of £*>-Radial Positive Definite Functions

Going over to the classes @, of PRDF’s, note that the sequence {®,},cn is known
to be nested, i.e., , 11 C P,, and inclusion is proper (see [30], [34, Sect. 6.3]). So
the intersection ®o, = [| ®, comes in naturally. The class @ is the case of study

neN
in the pioneering paper of I. Schoenberg [30]. According to the Schoenberg theorem
(see, e.g., [3, Theorem 5.4.3]), f € @, f(0) = 1, if and only if it admits an integral
representation

f(t):/ooe_”z op(ds), t>0, 2.3)
0

with o ¢ being a probability measure on R ;. The measure o s, whichis called a Schoen-
berg measure of f € @, is then uniquely determined by f.

Another characterization of the class @ o is Poo = P (£2), where the latter is the
class of radial positive definite functions on the real Hilbert space 02 (see, e.g., [34,
p. 283]). Indeed, since R” is embedded in 02 for each n € N, we have ®(¢2) C
®oo. Conversely, let f € o and ¥ = {y )L, C 22, yk = (yk1, Yk2, . . .). Define

truncations y,ﬁn) ‘= (Vk1> Y25 - - - » Ykn» 0,0, ...) € R™. Then for each n

LFAy™ =y D=y = 0.

(n)

As lim,,— o0 [y — y;.")u = |ly; — yjll and f is continuous, the matrix [f(||y; —

yj ||)]§’f =1 is also positive definite, as claimed.

2.1.2 Bernstein Class C M (Ry.) of Completely Monotone Functions

Definition 2.3 A function f € C*° (R, ) is called completely monotone if
~D*f®O@y>0, >0 k=0,1,2,.... (2.4)

The set of such functions is denoted by C M (R). A function f belongs to the subclass
CMoy(Rp)of CM(Ry) if f e CM(R4) and f(40) = 1.

A fundamental theorem of Bernstein—Widder ([8,39], see also [3, p. 204]) claims that
f € CMR,) if and only if there exists a positive Borel measure 77 on R such that

@) = /00 e 'tpds), t>0. (2.5)
0

The measure 77, which is called a Bernstein measure of f € CM(R,), is then
uniquely determined by f. 7 is a probability measure if and only if f € CMo(Ry).
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2.1.3 Subclasses o (a) of Radial Positive Definite Functions

By definition, the class ®,(«) consists of functions which admit an integral repre-
sentation

o0
£ :/ e opds), 1>0, 0<a<2, (2.6)
0

o r is a probability measure on R . So, @50 (2) = o, Poo(1) = CMp(R). We call
the functions f € P (o) a-stable.

The classes @, (o) are known to admit the following characterization [9]:
f e (), 0 < a < 2, 1if and only if the function f(||x||y) is positive definite,
where

1

o] o
x=(nx0,00, Ixfle = (Z |xj|“) :
n=1

Note that the family {®P oo () }o<o<2 is nested, i.e.,
Do (o) C Poola2), O<ar <ap <2, 2.7)
and the inclusion is proper (see, e.g., [9,13]). Indeed, (2.7) is equivalent to
Do) C Poo(1) =CMp(Ry), O<a<l, (2.8)

(a simple change of variables under the integral sign). Next, it is known (and can be
easily verified by induction, using Leibniz chain rule) that the function f = e78 €
CM(R,) provided g’ € CM(R.). Hence

exp(—sx%) € CMy(R;), O<a <1,

so (2.4) holds for this function. Differentiation under the integral sign shows that the
same is true for each f € &, () and (2.8) follows. The same argument implies
exp(—sx?P) ¢ O (a) for B > a.

Functions of the class @, («) arise naturally in connection with isometric embed-
ding of certain metric (Banach, finite dimensional) spaces into L” spaces. For instance,
a normed space E admits an isometric embedding into L?”, 0 < p < 2, if and only if
the function exp(—||x||”) is positive definite on E [9] (see also [36, Chap. 2.7], [20,
Chap. 6], and references therein). A criterion for an isometric embedding is obtained
in [2, Theorem 6.1].

2.2 Infinite Matrices and Schur Test
We say that an infinite matrix A = [ay ilk, jen with complex entries ay; generates a

bounded linear operator A on the Hilbert space £> (or simply that an infinite matrix is
a bounded operator on £2) if there exists a bounded linear operator A such that
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(Ax,y) = Z aixkyi, X = kkeN, ¥ = Oidken, X,y €. (2.9)
k,j=1

Clearly, if A defines a bounded operator A, then A is uniquely determined by equalities
(2.9).

The following result known as the Schur test (due in substance to I. Schur) provides
certain general conditions for an infinite matrix A = [a;;]; jen to define a bounded
linear operator A on £ (see, e.g., [24, Theorem 5.2.1]). One of the simplest versions
can be stated as follows.

Lemma 2.4 Let A = [a;;]; jen be an infinite Hermitian matrix which satisfies

= sup Z lajj| < oo. (2.10)
]ENl 1

Then A defines a bounded self-adjoint operator A on £> with |A| < C.

Note that the Schur test applies to general (not necessarily Hermitian) matrices with
two independent conditions for their rows and columns

o0 o0
Ci:=supjen Zlaiﬂ <00, C:=sup;cN Zlaiﬂ < 00,
i=1 j=1

and the bound for the norm is || A||Z < C,C».
The condition for compactness of A is similar.

Lemma 2.5 Suppose that

8p supZ|a,k|<oo Vp eN, and hm n 8, =0. (2.11)
./ pk>p

Then the Hermitian matrix A = [ak;]x, jen generates a compact self-adjoint operator
2
on £°.

For the proof see, e.g., [21, Lemma 2.23].
3 Schoenberg Matrices from Operator Theory Viewpoint
3.1 Bounded Schoenberg Operators
Sometimes an infinite Schoenberg matrix generates a linear operator Sy (f) on £2.
We call Sx(f) a Schoenberg operator. The main problem we address here concerns

conditions on the test set X C R” and the Schoenberg symbol f for Sx(f) to be
bounded.

Birkhauser



926 J Fourier Anal Appl (2015) 21:915-960

We will be dealing primarily with separated sets X,

dy = dy(X) := inf || x; — x;]| > 0.
i#j

Recall the notation X}, for the class of all separated sets in R” and £ = L£(X) for the
linear span of X, d = dim £ < n.

The result below gives an upper bound for a number of points of a separated set X
in a spherical layer

U(p.g,a,X) ={ye LX): pr<|y—al <qr}, g>p=>0,

centered at a € L(X).

Lemma 3.1 Let X = {xg}ren € Xy, do(X) = € > 0, and let a € L(X). Then for
the number Ny, (X) of points {xi} containedin Us(m,m+1,a, X),m =0, 1, ..., the
inequality

Np(X) = card(X m U(m,m+1,a, X)) < (@2m+ 3)d — (@2m — l)d <d5Tmd!
3.1
holds.

Proof Take x; € X N Ug(m, m + 1, a, X) and consider the balls B;/2(x;) = {x €
Lt |lx —xjll < &/2}, centered at x;. They are contained in the spherical layer
Us(m —1/2,m +3/2, a, X) and pairwise disjoint. Since the volume of this layer is

Vol(Us (m—1/2, m+3/2, a, X)) =ka (m+3/2)¢)" = ((m—1/2)¢) ],

7d/2

Kjg=—->+—
r(4+1)

is the volume of the unit ball in R?, and the volume of the ball Vol(B, 2x) =
K4 (8/2)d, the number N, (X) satisfies (3.1), as claimed. O

As far as the Schoenberg symbol f in the definition of Schoenberg’s matrices goes,
we assume here that it is a nonnegative, monotone decreasing function on R, and
f(@0) =1,ie., f € My (cf. 1.8). Further assumptions on the behavior of f at infinity
will vary.

We proceed with a simple technical result.

Lemma 3.2 Leth € M andd € N. Then

Zmd_lh(m) <00 /oo 14V h(t)dt < oo. (3.2)
0

m=1
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More precisely, for all p € N

00 oo o0
—d+1 / t"Th(tydt < D m* him) < d / 1" h(o) dt. (3)
P m=p Pt

Proof An elementary inequality

d—1 d d
m mé—(m—1
m et

d — d -

, m e N,

gives for h € M

d_(m—1)¢4 . m4 = h(m)
d - d

)

m m m
/ 14V () dt > h(m)/ 19V dt = h(m)
m—1 m—1

so summation over m leads to the right inequality in (3.3). Similarly,

m+1 m+1 1 d__ ,.d

/ 1971 h(t) di<h(m) 4=V dt = h(m) Wf(m—kl)d_lh(m),
m m

and hence

> m+ 1) hom) = /Ootd_l h(t)dt.

m=p p

It remains only to note that m + 1 < 2m form € N. O

For a one-dimensional X, i.e., d(X) = 1, condition (3.2) is just f € LI(R+).
The following notion will be crucial in the second part of Theorem 3.4 below. Recall
that we write X € X;,d <n,if X € &, and dim L(X) =d.

Definition 3.3 A set Y = {y;};en € Xy is called 8-regular if there are constants
co=co(d,8,Y) > 0Oandrg =ro(d, Y) > 0, independent of j such that

card(¥,”(8)) = cod, 8. V)", ¥ @) i={m eV r < Iym—yill <r+5),
(3.4)
forr > rgand j € N.

For instance, the lattice Z" and its part Z are §-regular for all § > 0. On the other
hand, if X = {xt}reny C R”, L(X) = R” but there is a positive integer p such that
XP) = {xp}k=p C R*7!, then X is certainly irregular.

Note that for any regular set Y the number Nr(/ ) of pointsintheset YN{y : [y—y;| <
r} is subject to the bounds _

c1rd < Nr(]) < czrd 3.5

for all large enough r. Here and in the proof of Theorem 3.4 ¢ stand for different
positive constants which depend on d, 8, and Y.
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Theorem 3.4 (Theorem 1.4) Let f € M4, X € Xy, d < n.
@) Iftd’1 f() e L! (R.), then the Schoenberg operator Sx (f) is bounded on 22

and
2 5 ¢ e d—1
ISx(HI<1+d ( ) / 7 f()de. (3.6)
7 a.X)) Jo /
(i) Moreover, Sx (f) has a bounded inverse whenever, in addition,
2/d \,d—1 £ 1/d
do(X) > 5a et pI 3.7)

(iii)) Conversely, let Sy(f) be bounded for at least one §-regular set Y. Then
171 () € LYRY).

Proof (i). We apply the Schur test to Sx (f) = [f (lxk —x; )]k, jen. Forafixed j € N
and € = d,(X) > 0 denote

XY =g e X me < —xjl <m+ e}, meN, X ={x;}. (3.8)

ByLemma 3.1 card(X ,(,{ )) < d 5 m“~!. Combining this estimate with the monotonic-
ity of f yields

SrU—xi =1+ > > fl—xjl) <1+ > card(X;)) f(me)

k=1 m=1 m=1

xkEX,(,'l/)

<1+4d57 > m* ! f(me). (3.9)

m=1

The result now follows from the Schur test and Lemma 3.2 with i(-) = f(g-).
(i1). Going over to the second statement, one has as above

S Y — 8 — < o of S5 d/oo d—1
;U(ka XilD) — 8kl = gf(”xk xil) <d (d*(X)) A 70 f@)dt,
k#j

dx; is the Kronecker symbol, so ||Sx (f) — || < 1assoon as (3.7) holds, [ is the unity
operator in £2. Hence Sy (f) is invertible.

(iii). With no loss of generality assume that £(X) = R?. At this point we make
use of a particular labeling of the set X (generally speaking the way of enumeration
of X makes no difference in our setting). Precisely, we label X by increasing of the
distance from the origin

0=llxill < llx2ll < llxsll < ...

For a ball B, = B;’ of radius » > 0 centered at the origin we put E, := X N B,

and N, := card(E,). Given x; € X, denote by p(j) the number of layers X,(,{) which
are contained in B;. It is clear that for any x; € E; /2 one has p(j) > [r/2¢].
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From the Definition 3.3 and f € M we see that

() r()
Zf<||xk—x,||>> > > f(||xk—x]||)>032md 'f(e(m+ 1))
m= lx EX;[)
p()+1
>cy . mi7 fem). (3.10)
m=2

Since Sy (f) is bounded then on the test vector i = hy, = #(1, 1,...,1,0,0,...),
||k|| = 1, we have in view of (3.10) and (3.5) (with j = 1, x; = 0)

N, N,
ISx (A= 1(Sx (), )| Z SR x]||>>ﬁ Z mek—x,n

j=lk [xjl<r/2 k=1
[r/2¢e] [r/2e]
Cs5

> _Nr/2 Z m?=! flem) = c6 D m*" fem).

m=2
Since r is arbitrarily large, the result follows from Lemma 3.2. O

Remark 3.5 The statement (iii) of the above theorem is particularly simple ford = 1.
Let

A ={Arhren, O0=A1 <Xt2<...,
0 < di(N) ;== 1inf Agg1 — Ag) < d*(A) := sup(Aps1 — Ax) < 00, (3.11)

A one-dimensional sequence X = {xi}ren, Xk = Ake, {Ar} from (3.11), e is a unit
vector, is called a Toeplitz-like sequence.

Assume now that the Schoenberg operator Sy (f) is bounded. Take the same test
vector hy = %ﬁ(l’ 1,...,1,0,0,...), |An|l = 1 and write

N—1N—k
ISx (O = (Sx (F)hn. hy)= Z fUlxi—x;Ih=fOH—= Z D F i)
z; 1 k 1 i=1

By (3.11), kd(A) < Ajyr — A < kd*(A), and in view of monotonicity

N/2 N/2

1Sx ()22 Z (1- ) /") >2Z(1—5)f<kd*(A)> =" f(kd*(A)).

k=1

Thereby the series >, f(kd*(A)) converges and Lemma 3.2 gives f € L'R,).

For a-stable functions we have a simple condition for the boundedness of Sx (f)
in terms of the Schoenberg measure o7 (2.6).
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Corollary 3.6 Let f € ®o(@), 0 < o < 2,d € N, and let oy be the Schoenberg
measure in (2.6). Then

/ =1 () dt < 0o <=>/ 5”4 o (ds) < 0. (3.12)
0 0

In particular, the Schoenberg operator Sx (f) is bounded for all X € X4, provided
that the measure oy satisfies (3.12).

Proof 1t is clear that f € M. Next,

o0 o0 o0 « o0 o o
/ td_lf(t)dtz/ zd—‘dt/ e G(ds):/ a(ds)/ 191" 4t
0 0 0 0 0

1 d ® _a
=-I{- s o o(ds) < oo. (3.13)
a o 0
Theorem 3.4 completes the proof. O

Note that the above argument goes through for an arbitrary o > 0.

We prove later in Theorem 4.8 that each Schoenberg operator Sx(f) with the
symbol as in Corollary 3.6 is actually invertible.

As another direct consequence of Theorem 3.4 we have

Corollary 3.7 Let f, g € My and f(t) = g(t) fort > to. If the Schoenberg operator
Sy (f) is bounded for at least one regular set Y € Xy, thensoare Sx(g) forall X € Xj.

The monotonicity condition in (1.8) is somewhat restrictive. It is not at all necessary
for Schoenberg’s operator to be bounded.

Proposition 3.8 Let f and h be real-valued functions on R. Assume that | f| < h
and the operator Sx (h) is bounded. Then so is Sx (). In particular, let f be a bounded
function on R, which is monotone decreasing fort > to(f) and t*~' f(-) € L'(R}).
Then Sx (f) is bounded.

Proof The Schoenberg matrix Sy (k) dominates Sx (f),i.e., A([lx; —xxl) > [ f(llx;—
xr|D|. Hence if Sx (k) is bounded then so is Sx (f) (see [4, Theorem 29.2]).
Concerning the second statement, it is clear that f > 0 on [7o(f), 00). Put h(?) :=
sup,~ | f(s)|. Then & is a nonnegative function, monotone decreasingon R, 2(0) > 0
(we assume f #0),and h = f on [to(f), 00), so (3.2) holds for 4. By Theorem 3.4,
Sx (h) is bounded and as & > |f| on R, then by the first part of the proof, so is
Sx (f), as needed. O

Corollary 3.9 Let g € @, a > 0, and ey (t) := e~ ¥. Then f, := eyg € ®,, and for
any d € N and any X € X, the Schoenberg operator Sx (fy) is bounded.

Proof Since e, € CMp(R;) C ©, then for each finite X the Schoenberg matrix

Sx (fo) = Sx(ea) o Sx(8),
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being the Schur product of two nonnegative matrices Sx (e,,) and Sx (g), is also non-
negative. This proves the inclusion f, € ®,,.

Next, since | fy ()| < Me™* with M = |Igllc(r,). then t97! £, () € L1(R;) with
an arbitrary d € N. It remains to apply Proposition 3.8. O

3.2 Fredholm Property

Let G (£2) be the class of compact operators in £2. We discuss here the situation
when Sx (f) is a Fredholm operator, more precisely,

Sx(f)=1+T, T eGull?. (3.14)

To provide (3.14) one should impose a much stronger condition on X than justd,(X) >
0.

Theorem 3.10 Let X = {xi}reny C R satisfy

im x; — x| = 400, (3.15)
i,j—o00

i#]j

and let f € M with N IO R = L'(R.). Then (3.14) holds. In particular, Sx (f)
has bounded inverse whenever ker Sx (f) = {0}.

Conversely, let f be a strictly positive, monotone decreasing function on R,
£(0) =1, and t* £(-) € L'(Ry). Then (3.14) implies (3.15).

Proof Note that (3.15) implies d.(X) > 0. To apply Lemma 2.5 we argue as in
the proof of the Theorem 3.4. According to Lemma 3.1 for each p € N there is
q =q(p) € Nsothatfor j > p

DUl = xiD =8kl = D e —xh =D D fllx—x;I)

k=p i?j =4 yexy

<d5' Y m fdu(X)m)

m=q

5 \¢ [
gdz( ) / =1 () di
dy(X) (@—1Dd(X)

(see 3.3 for the last step). Condition (3.15) implies g(p) — oo as p — o0 and so
operator T = Sx (f) — I is compact by Lemma 2.5.

Conversely, suppose that there are two sequences of positive integers {i, }m, {jm}m
so that i, # ju, both tend to infinity as m — oo and sup,, |lx;,, — xj, | < C < oco.
Then

0 < f(O) = flixi, — x5, 1) = (Sx (e, €i,,) = (Tej, . €i,).
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which contradicts the compactness of 7. The proof is complete. O

Example 3.11 We show that in the converse statement of Theorem 3.10 the condition
f > 0 cannot be relaxed to f > 0. Take the truncated power function

foO=1-=0nL, 1>0.

Itisknown [17,41]that f € ®, ifandonlyif] > %.As atestsequence X = {Xi}reN
we put xx = &, ||§]] = 1, with

a; =0, a2=§, ar =k, k=3,4,...,

so that f(|lxo —xi]) =274, f(llxi — xj|) = O for the rest of the pairs j # i. The
Schoenberg operator now takes the form

1
Sx(f) = [A 1] A= [21_, g }

and [ is a unit matrix. It is clear that Sy (f) = [ + T, rank 7 = 2, but (3.15) is false.

3.3 Unbounded Schoenberg Operators

Conditions on an infinite matrix A for the corresponding linear operator A on £>
to be bounded are rather stringent. These conditions fail to hold for a number of
Schoenberg’s matrices (cf. Example 3.27).

To broaden the area of our study, consider an infinite Hermitian matrix A =
lakjlk,jeNs ajk = axj, satisfying the following conditions

oo

Z lagj|* < oo, V¥jeN. (3.16)
k=1

Such matrix defines in a natural way a linear operator A’ on ¢> which act on the
standard basis vectors {ex }reN, (€x)m = Skm, as

o0
/ .
Alej = E agjer, jeN,
k=1

extended by linearity to the linear span £ of {ex}ien, so A’ is densely defined and
dom(A’) D L. Being symmetric (since A is a Hermitian matrix), A" is closable,
and we denote by A = A’ its closure. The operator A is called a minimal operator
associated with A.

Matrices (3.16) are usually referred to as unbounded Hermitian matrices (unless A
is a bounded operator).
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A maximal operator associated with such matrix A is defined on the domain

2
)

o o
dom (Amax) = 1 f = Zxkek : Z Zaijj < 00
k k=1 |j=1

=1

by

o0 o0
Amacf = D brer. b= ayx;. (3.17)
k=1 j=1

It is known (see, e.g., [4, Theorem 53.2]) that Appx = A™.

Conversely, given a closed symmetric operator A on a Hilbert space 7, an orthonor-
mal basis {/ }ren is called a basis of the matrix representation of A (cf. [4, Sect. IV.53])
if

e iy edom(A), k e N;
e A is a minimal closed operator sending /j to Ahg, k € N.

The latter means that if B is a closed symmetric operator such that B € A and
Bhj = Ahj then B = A.

A curious property of certain Schoenberg’s matrices is that the validity of (3.16)
for at least one value of j implies relation (3.16) to hold for all j € N. We begin with
a technical lemma.

Letus say that a finite positive Borel measure o on R possesses a doubling property
if there is k¥ > 0 so that

o{[2u, 2v]} < ko {[u, v]}, VIu,v] C Ry. (3.18)

Lemma 3.12 Ler f € CMy(R;) and &, 1 € R". Then there is a constant C =
C(f,&,n) > 0 such that

fllx =& < Cflx —nl, VxeR" (3.19)

The same conclusion is true for f € @, = P, (2) as long as its Schoenberg measure
o f (2.6) possesses the doubling property.

Proof First, let f € CMp(Ry) and 74 be its Bernstein’s measure (2.5). Choose
a =ay > 0 so that

/a 77 (ds) > 1 /OO T/(ds) < 1 (3.20)
0 2 a 2

We show that (3.19) actually holds with C = 2¢I5=7ll Consider two cases.
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1. Letfirst |[x — 5]l < ||& — nll. Then since f < 1, one has

oo a
, , 1
Flllx —nl) = / eIl 7 (ds) > / eIl 2o (ds) > 5 e—allx=nl
0 0

>

e~ IE=nl p(jx — £,

N =

as needed.
2. Letnow |lx — 7l > 1§ = nll,so lx =&l = llx — nll — 5 —nll > 0. The function
f is certainly monotone decreasing, so

Flx = ED = FAlx —nll - I - nn):/o exp(—sllx — nll+s1E — iy (ds)
_ {/O +/ ] exp(—slx — nll + 1§ — 0l (ds) = I + b,

Obviously, for every nonnegative and monotone decreasing function # on R, condi-
tion (3.20) implies

/a u(s)tp(ds) > @ > u(a) /OO Tr(ds) > /OO u(s)tye(ds).
0 a a

Hence I, < I;. To bound /; note that

o0
I < eE=nl /0 e SlIx=nl T/(ds) = e NE=nll Flx =),

and (3.19) follows.

Concerning functions f € @, the reasoning is identical (with the obvious replace-
ment of T with o) up to the bound of I, where the doubling property comes into play.
We now have

a 2 a _s _ 2
n= /0 exp(—s(llx — nll = & — nl)?) o (ds) < eI / e 2 oy (ds)

0
- ealfﬁ|2f<”x\;§n”)'

It remains only to note that

f(%) :/000 e or(ds) < K/Ooo e or(ds)=«f(@r), r>0

because of the doubling property (3.18). The proof is complete. O

Proposition 3.13 Let f € CMp(Ry), X = {xrhreny C R”, and let Sx(f) be the
corresponding Schoenberg matrix. If at least one column of Sx(f) belongs to (2,
then (3.16) holds and {ey }reN is a basis of the matrix representation for the minimal
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operator A associated with Sx (f). The same conclusion is true for f € O as long
as its Schoenberg measure o possesses the doubling property.

Proof Let the first column of Sx ( f) belong to £2. By Lemma 3.12 one has

o0 o0
> FAAx =) = €20 FAxg = xil) < oo (3.21)
j=1 j=1
for each k = 2,3, .... The statement about the basis of the matrix representation is
obvious. |

Remark 3.14 Ttis easy to see that for a general function in @, the doubling property
(3.18) for o cannot be dropped for Lemma 3.12 to hold.

Put
a, == \/logn + 2loglogn, n>2.
Then clearly
o0 00 . e2an
’;e z2n10g n<oo Z e enzznlog n:oo.

Consider now the Schoenberg matrix Sy (f) with

2
f@O)=e"" € @ N\CMyRy), X ={ulen CR': x; =0, xa=1,

Xp =ay, n>3.

Then

D P —xil) <00, D fA(lxn — x2fl) = o0

n=1 n=1

Certainly, now oy = §{1}, the Dirac measure at the point 1, has no doubling property.
Note that in this instance the conclusion of Lemma 3.12 is false either.

In the above example the set X is not separated, that is, d,(X) = 0. As we will

see later in Theorem 4.8, the Schoenberg operator Sx (e’ 2) is bounded and invertible
whenever d,(X) > 0, so all columns belong to 02,

There is an intermediate condition on the Schoenberg matrix Sx ( f) between (3.16)
and the boundedness. Precisely, let

C(f. X) :=sup > f2(lxx — x;1) < oe. (322)

J k=1

In other words, sup; [|Sx (f)e;ll < oo.
Recall that §-regular sets are defined in Definition 3.3 above.
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Proposition 3.15 Ler f € M (1.8), and for a positive integer d, 1 < d < n,

/ootd_lfz(t)a’t < 0. (3.23)
0

Then (3.22) holds for each separated set X € X,;. Conversely, assume that
o
> FAye—yil) < o0 (3.24)
k=1

for some j € N and at least one §-regular set Y = {yi}ren. Then (3.23) holds with
d = dim L(Y).

Proof Let (3.23) hold. We apply Lemma 3.2 with 7 = f? and obtain as above

> FA—x;) <1+ card(X;) f2(dx (X)m)

k=1 m=1
2 5 ¢ e d—1 ;2
<1+d ( ) / s f(s)ds,
d*(X) 0 f
so (3.22) follows.

Conversely, let f satisfy (3.24) for some j € N and some §-regular set Y. In view
of the lower bound (3.3) one has by Lemma 3.2,

D FAve=yi=14>" D> e — il
k=1

m=1 )’kGYry)

> 1+ca(d) D m*" f2(du(Y)(m+1))

m=1
0 )
> L) 3 n' ™ PEmmz 1@ [ R 6 ds
= 24.(7)
The proof is complete. O

Corollary 3.16 Ife; € dom Sx(f) forsome j € Nandall X € X, then (3.22) holds.

Remark 3.17 1t is easy to manufacture a function f € M and a separated set X
so that (3.22) holds but (3.23) is violated. Indeed, let f tend to zero slow enough as
x — oo, sothat f ¢ Lz(R+). Choose a sequence of positive numbers {#;}, f; = 0 so
that f (1) < e™*. Now take a set X = {x3}ren With xx = 1€, k € N, & a unit vector.
Then

o0

2 —2k
Dl —xlh <D e < oo
i=1 k
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regardless of whether condition (3.23) holds or not. Due to the second statement of
Proposition 3.15 such set is supposed to be irregular.

The example below illustrates Proposition 3.15 and Theorem 3.4.

Example 3.18 Let h(r) = (1 +r)~' € CMo(R,). Take X = Zi ={(p,q):p,q €
7.4 } labeled in the following way

X=JXn  Xo=&"N x"=@m—kk. Xo=/{0.0)

As |x(m)|2 (m — k)> + k> = m? + 2k(k — m) < m?, we can easily compute the
sum in (3.22)

> 1

o m o B
2.2 "= ZZ |<m>||)z ZZ(1+m)2 Z%)1+m_+°°’

m=0 k=0 m=0 k=0 (1+Ilx m=0 k=0

which is consistent with Proposition 3.15, since d = dim £(X) = 2, and condition
(3.23) is violated.

On the other hand, for X = Z we come to a version of the well-known Hilbert—
Toeplitz matrix

1 o0
Sy =10 +1i = [0 Tijew, h) = - =/ e ds. (325)
+l" 0

Now d = 1, so by Proposition 3.15, (3.24) holds. Yet the operator Sx (/) is unbounded
in view of Theorem 3.4 (Z is a 1-regular set). We show later in Proposition 3.26 that
Sx (h) is a positive definite and self-adjoint operator.

An important property of the minimal Schoenberg operator Sx () constitutes the
content of the following theorem.

Theorem 3.19 Let f € ®o(a), @ € (0,2], X = {xj}jen C R", and X € X,.
Assume that the Schoenberg matrix Sx (f) satisfies condition (3.16). Then the minimal
Schoenberg operator Sx () associated with the matrix Sx ( f) is a symmetric positive
definite operator, i.e.,

(Sx(f)E &) = ell&], & edom Sx(f), &> 0. (3.26)

In particular, Sx (f) is self-adjoint if and only if ker S% (f) = {0}.

Proof According to Theorem 4.8, the function f € Pyo(«) is strongly X-positive
definite, i.e., there exists ¢ > 0 such that

N N
D flixy —xDEE = e D IE1S,  E=@ENY eCV, YNeN. (327

J.k=1 j=1
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Due to assumption (3.16) the basis {e;} ;<N is a basis of the matrix representation of
the minimal operator Sx (f) associated with the Schoenberg matrix Sy (). Therefore
inequality (3.27) means that for any finite vector £ = (§1, &2, ...,&n,0,0,...)

N
(Sx(fIE.&) =& > |al> =«
k=1

Taking the closure we get the statement. O

Note that the proof of our main result about ®,,-functions (Theorem 4.8) in the
next section is completely independent of the above Theorem 3.19.

The converse to Theorem 3.19 is true in a more general setting.
Proposition 3.20 Assume that the Schoenberg matrix Sx (f), f € ®,, satisfies con-
dition (3.16), and the minimal Schoenberg operator Sx (f) associated with the matrix

Sx (f) satisfies (3.20), i.e., it is positive definite. Then X is separated, i.e., d,(X) > 0.

Proof In the above assumptions one has
(Sx()h.h) = e, 0 <c<oo (3.28)
for each & € dom(Sx (f)). Hence putting h = ¢ — e; € dom(Sx (f)) we see that
(Sx(HHh, ) =2f0) = 2f(lxx — xjl) = 2c,

so f(llxk —x;[) < f(0) — ¢, ¢ > 0, which immediately implies dx(X) > 0. O

Proposition 3.20 says that if d,(X) = 0 and Sx(f) is bounded for f € ®,, then
0 € o(Sx(f)), o (A) being the spectrum of operator A. It is easy to manufacture such
X for f(t) = e~ (cf. [21, Lemma 3.7]).

There is a simple function theoretic analogue of Proposition 3.20.

Proposition 3.21 If f € ®,, is strongly X-positive definite, then X is separated.

Proof By the definition we have for all k, j

FOE + 181D — fUx; — ) (EE + E18) > c(l& > + 187, &,& < C.

By putting £; = & # 0 we see that

FO) = flixj = xxl) = ¢ >0,

so X € X, as needed. O

Birkhduser



J Fourier Anal Appl (2015) 21:915-960 939

3.4 Schoenberg—Toeplitz Operators

Although we have no sufficient conditions for general Schoenberg operators Sx (f) to
be self-adjoint, Theorem 3.19 gives an essential step toward proving self-adjointness,
since it reduces this problem to the study of ker S% (f).

Definition 3.22 (i) LetNp := NU{0}. Recall that a matrix A := [a ] ren, is called
a Toeplitz matrix if there is a sequence {a,, },,e7 of complex numbers such that
ajr = aj_y forevery j, k € No.

(i) An operator A on a space of analytic functions in the unit disk I such that its

domain contains the set of analytic polynomials Pol is called a Toeplitz operator
if its matrix with respect to the basis {zk}keN0 = {eik‘p}keNO is a Toeplitz matrix.

It is known that a Toeplitz operator is characterized by the identity
U*AU = A, (3.29)

where U is a unilateral shift in £2. According to the basic assumption (3.16) the Toeplitz
matrix A defines an operator in 2 if {ar} € 02(Z), ie.,

Z laj|? < oco. (3.30)

JEZ

In this case the Toeplitz symbol is a function given by

a(A, e'?) = Zake"’“ﬂ € L’[—7, 7). (3.31)
keZ

Lemma 3.23 Leta_; = aj, j € N, i.e, the Toeplitz matrix A = [aj_t]j keN, is
a Hermitian matrix. Assume also that A satisfies (3.30) and the minimal symmetric
Toeplitz operator A associated with A in £2(N) is semibounded from below. Then it
is self-adjoint, A = A*.

Proof Without loss of generality we can assume that A is positive definite. In this case
it suffices to make sure that the conjugate (maximal) operator A* has the trivial kernel.
Since A* = A4, acts by means of the same matrix A (but defined on the maximal
domain), the latter property is equivalent to

ap ap a ... Po 0
a_1 ap ay ... P1 0 5
asaay... || pa|=|0|=Pi=0. p={pjtel. (332)

To prove implication (3.32) it is instructive to rephrase the problem in the function
theoretic terms.

Let M denote the multiplication (shift) operator on L2(T), T is the unit circle. The
equality in (3.32) means that the function
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p() = ijtj € H?

Jj=0

is orthogonal to the system { M ka}kzo, where a € L2(T) is the Toeplitz symbol (3.31).
In other words, the product p_ := pa € L'(T) is orthogonal to all powers {tF He=0,
ie., p— € H! (for the Hardy spaces H?, H? see[11, Chapter IIJ).

Positive definiteness of the minimal operator A reads as follows

N
(Ag.q) = D ar—jq;dx = /T a@®lg® m(@d) = &lqll7 s,
k,j=0

N
q(t) == qjt/, >0, (3.33)
=0

for an arbitrary g € Poly, m is the normalized Lebesgue measure on T. It is clear
from (3.33) that a(¢) > ¢ for a.e. t = ¢'¥ € T. Therefore (see [11, Theorem 11.4.6])
there is an outer function D such that

a(t)=|D@W))>, DeH? D 'ecH>
We have p_(1) = p(t) a(t) = p(t) |D(t)|*> € H! and hence

p—(1)
D = .
pt) D(t) o0

But the left-hand side of the latter equality belongs to H !, whereas the right-hand side
lies in H! which yields p = 0, as claimed. The proof is complete. O

A sequence X = {xi}xey C R" is called a Toeplitz sequence, if ||x; —xj|| = |i — j|
for i, j € N. The latter is equivalent (recall that by our convention x; = 0) to x; =
(k—1)&,& e R",and ||£|| = 1,s0d = dim £(X) = 1. In this case Sx (f) is a Toeplitz
operator, which will be called a Schoenberg—Toeplitz operator. The Toeplitz symbol
a (3.31) takes now the form

a(f.e'?) =" flkhe™?. (3.34)

keZ

Remark 3.24 (i) Self-adjointness of not necessarily positive Toeplitz operators with
the Toeplitz symbol from BM O(T) (see [11, Chapter VI]) was established by V.
Peller [26]. In particular, this is the case for the Hilbert—Toeplitz operator (3.25)
with the Toeplitz symbol

log(1 — 1
ath, 1) = 1 — 2Re # e BMO(T),
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but not for general Schoenberg—Toeplitz operators with Toeplitz symbols (3.42)
below.
(i) Semibounded Toeplitz operators have been studied in several papers (see [27] and
references therein). For instance, it is proved in [28] that the Friedrichs extension
AFr of A has absolutely continuous spectrum. However, according to Lemma
323, Ar = A.

In the rest of the section we will focus on the Schoenberg—Toeplitz operators Sx ( f)
with symbols f € @, = D (2). We clarify and complete Corollary 3.6 for such
operators and describe their spectra in terms of the Schoenberg measures o ¢.

Proposition 3.25 Let [ € P and let oy be its Schoenberg measure (2.6). The
Schoenberg—Toeplitz matrix Sx (f) defines a minimal operator Sx (f) in €2 ifand only
if f € L>(Ry). In this case Sx (f) is self-adjoint, its spectrum is purely absolutely
continuous and fills in the interval

o(Sx(f) = 0ac(Sx(f)) =[c—, cy],
O<c_ ::/ ) (Tl’, e_s) or(ds) <c+:=/ 193((), e_‘v) of(ds) < 400, (3.35)
0 0

where U3 is the Jacobi theta-function.

Moreover, the operator Sx (f) is bounded if and only if f € L'(Ry), or, equiva-
lently,

® or(ds)
0o s

Proof As the Schoenberg symbol f is a nonnegative and monotone decreasing func-
tion, conditions f € L2(R+) and {f(k)}k=0 € 22 are equivalent, so (3.30) is met.
Next, for f € ® the corresponding minimal operator is symmetric and strongly
positive definite by Theorem 3.19. Hence Sx(f) is self-adjoint in view of Lemma
3.23.

Consider the kernel function e, (1) := e=**", s > 0, 50 Sy (e;) = [e“v|i_j|2]i,j€N.
Since ¢y € L1 (R), the operator Sx (ey) is bounded by Theorem 3.4. The correspond-
ing Toeplitz symbol is given by (3.34). It can now be expressed by means of the Jacobi

theta-function _ . 0
aleg, e'?) = Z e Sk gike — 193(5, e_s).
keZ
It is well known (see [38, Chapter 21]) that %3 is positive on the real line and

< . (3.36)

95 (p) g*! s

o
= —4sin2 , =e 7,
93(p) ¢ k; 1 4+ 2g2k—1cos2¢p + g4—2 1

s0 a(es) is monotone decreasing on [0, 7] (a(es) is “bell-shaped” on [—m, 7 ]). By the
Hartman—Wintner theorem (see, e.g., [24, Theorem 4.2.7]) its spectrum agrees with
the range of a(f), so it is the interval

o (Sx(es)) = ales. T) = [ales, —D).ales. D] = [#3(5. ). 9:0.9)]
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For a general function f € ® the Toeplitz symbol a(f) of Sx(f) = [f(li —
JDJi jen can be computed as

a(f,e¥) =" f(khe? =" ** / T 6 ds)
keZ keZ 0
- /0 03(% e_s) or(ds), @ #0. (3.37)

It is easily seen that

ﬁg(%,e—S) =03(%.e7) = 0300.¢7)

Again by the Hartman—Wintner theorem, the spectrum of Sy ( f) agrees with the range
of a(f), which is exactly the interval given by (3.35). Its absolute continuity is a
standard fact in the theory of Toeplitz operators, (see, e.g., [27, p. 64]).

By Theorem 3.4 the boundedness of Sx(f) is equivalent to f € L'(R,). In turn,
the latter is equivalent to (3.36) by Corollary 3.6, applied with « = 2 and d = 1. The
proof is complete. O

It is easy to express the inclusion f € &5, N L2(R+) in terms of o ¢ (cf. 3.36)

O’f(dsl) O’f(dSz)
_ . 3.39
/Ri A/51+ 82 = ( )

Next, we provide a similar result for f € CMp(R).

Proposition 3.26 Let f € CMo(Ry), ty be its Bernstein measure (2.5). The
Schoenberg—Toeplitz matrix Sx () defines a minimal operator Sx (f) in £* if and only
if f € L>(Ry). In this case Sx (f) is self-adjoint, its spectrum is purely absolutely
continuous and fills in the interval

X 1xe™*
lFes

o (Sx(f) = 0ac(Sx(f)) =lc—.cq]l, O <cx= /O Tr(ds). (3.40)

Moreover, the operator Sx (f) is bounded if and only if f € L' (R,.), or, equivalently,

/OO ZACLUNSNS (3.41)
0

N

Proof Asin the proof of the preceding result, we start with the kernel function e (1) :=
e " s > 0, and relate the Schoenberg and Toeplitz symbols:
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—s+ig —s—ig
ipy _ —s|k| jikg __ ¢ ¢
a(es, e )—Ze e _1+1—e*5+"¢+1—e*5*"¢’
keZ
1— e—2s B .
= P, e'?),

[1— te—s+i<p|2 =

where P (e, ¢!¥) denotes the Poisson kernel for the unit disk. Hence Sy (e5) =
[esli=iN i,jeN is bounded and its spectrum is the interval

l—e™® 14e*
o(Sx(es)) =ales, T) = [1+e—S’ 1—e—5]’

The Toeplitz symbol a( f) of the operator Sx (f) = [ f(|i — j]];, jen can be computed
as above

o
a(f, el(p) — Z f(|k|)elk(p — Zelk(p/ e—S|k| ‘L’(ds)
keZ keZ 0
00 .
= / P(e™, ') tr(ds), @ #0. (3.42)
0
One completes the proof in just the same fashion as in Proposition 3.25. O

Similarly, the condition f € CMy(R4) N L*(R.) is equivalent to (cf. 3.41)

d d
/ @syrds) o (3.43)
R s1+ 52

2

1
Example 3.27 1t is not hard to manufacture a Schoenberg—Toeplitz matrices with the
Schoenberg symbol f € C MO(R+)\L2(]R+). Indeed, one can take

1 1 o
S = 1+l— _’B" , r :—:—/ e_srsﬁ_le_sds
x(fp)=[A+li=jD""lijen.  fp(r) A+P-T®) Jo
(3.44)
with 0 < B < 1/2. In this example neither column vector belongs to £2.

Remark 3.28 (i) According to a result of Brown and Halmos (see, e.g., [24, Theo-
rem 4.1.4]) the operator Sy (f) is bounded if and only if a(f) € L°°(T). Due
to the asymptotic relation (3.38) for f € @4 the latter is equivalent to (3.36).
This observation provides another proof of the last statement of both preceding
propositions.

(i) The relation between the Schoenberg symbol f € @ («) for « = 1,2 and
the Toeplitz symbol a(f) is implemented by the Poisson kernel and the Jacobi
theta-function, respectively. We are unaware of a similar relation for 1 < o < 2.

(iii) A Schoenberg—Toeplitz operator Sx (f) with f € M is bounded if and only
if the Fourier coefficients of its Toeplitz symbol a(f) (3.34) are positive and
monotone decreasing anda( f) € W, the Wiener algebra of absolutely convergent
Fourier series. This result stems directly from Theorem 3.4.
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Example 3.29 We construct a bounded Schoenberg—Toeplitz operator Sy (¢) with 0 €
0 (Sx (¢)). Take any Toeplitz sequence X C R! so that |x; — xj| =i — j| and put

o(t) = (l — %) e &y, (a)4+ := max(a, 0).
+

Then Sx (@) = J ({1}, {1/2}) is the Jacobi operator with 1’s on the main diagonal and
1/2’s off the main diagonal. It is well known that o (Sx(¢)) = [0, 2], as claimed.
Certainly, ¢ ¢ P.

4 Schoenberg Matrices and Harmonic Analysis on R”
4.1 Radial Strongly X-Positive Definite Functions

It turns out that the notions of Riesz—Fischer, Bessel, and Riesz sequences (see Defini-
tion 1.8) applied to sequences of exponential functions in L>-spaces are tightly related
to the strong X-positive definiteness.
Given an arbitrary sequence X = {xg}ren of distinct points in R”, we introduce a
system
Ex = leCoxhen,  e(x,xi) =% x R, @1

of exponential functions.

Proposition 4.1 Let h be a positive definite function (2.2) with the Bochner measure
wn. For an arbitrary sequence X = {xy}reN of distinct points in R" and for the system
of exponential functions Ex (4.1) the following holds.

(i) Ex is a Riesz—Fischer sequence in L*(R", ) if and only if h is strongly X-
positive definite.
(ii) Ex is a Bessel sequence if and only if the Gram matrix

Gr(Ex, L*R", un)) = [eC, xi), €. X)) 2w Ik, jen = [h(xk — X))k jen
4.2)
defines a bounded, self-adjoint and nonnegative operator on 2.
(ili) Ex is a Riesz sequence ifand only if Gr(Ex, L>(R", uy)) defines a bounded and
invertible, nonnegative operator.

Proof 1t is clear that

m m 2 m 2
D hlu —x)§jEx = / D Grelu x| paldu) = | > Ere(, xp)
k.j=1 R =1 k=1 L2(R" up)
4.3)
for & = {&,...,&y,} C C and arbitrary m € N. All statements are immediate from
4.3). O

The same system £ can be viewed as a system of vectors in another Hilbert space,
namely L2(S;’_l), S"=! being a sphere in R" of radius r, centered at the origin,
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with the normalized Lebesgue measure s,,. We denote this system by £ X(S;’_l). Such
approach leads to RPDF’s. Note that the assumption n > 2 looks quite natural now
since otherwise the sphere makes no sense.

Definition 4.2 Let X = {x;},cy be a sequence of distinct points in R”, I C R be a
Borel set. K is called X-massive if £ X(Sf’l) is the Riesz—Fischer sequence for each
rek.

The following result is borrowed from [21, Proposition 2.14]. We present it with
the proof because of its importance in the sequel. Recall that €2, is the Schoenberg
kernel (1.4).

Proposition 4.3 Let f € ®,, n > 2, with the measure vy in (1.2). Given an arbitrary
sequence X = {xi}reN of distinct points in R", the function f is strongly X -positive
definite if and only if there exists an X -massive set K of positive v s -measure, v ¢ (K) >
0. In particular, the function f,(-) = Q,(p-), p > 0, is strongly X-positive definite if
and only if the system Ex (S’;_l) is the Riesz—Fischer sequence.

Proof 1t follows from (1.2) and (1.4) that for {&1,...,&,} C Candm € N

m +00 2
D Fll = x5 = /O /S sn(du) | vy(dr). (4.4)

Jk=1

> Ere(u, xp)
k=1

Suppose that there exists a set K as stated above. Then for every r € K there is a
constant ¢(r) > 0 so that

/Sn—l

r

2 2
sn(du) =

> &e(u, xi)
k=1

> &, x)
k=1

Choosing c(r) bounded and measurable and combining the latter inequality with (4.4),
we obtain

> c(r) D &l 45)
k=1

L2(sph

m m 2 m
> f(||xj—xk||)§j§kz/( > e xp) )vf<dr)ch|sk|2,
Jk=1 KA = L3 (s"1) pa
c::/ c(ryve(dr). 4.6)
K

Since v¢(K) > 0 and c(r) > 0, we have ¢ > 0, so f is strongly X-positive definite.
Conversely, if

2

bl

o0
/ h(@@)vs(dr) = c1 >0, h(r) =
0 L%(S”_l)

> e, x)
k=1

then there is a Borel set K C (0, 4+-00) of positive v -measure such that 4 > ¢ on £,
as claimed. O
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We want to lay stress on the fact that the measure vy enters this result only via
existence of a certain Borel set /C of positive v s-measure.
A combination of the latter result with Proposition 3.21 leads to the following

Corollary 44 If X ¢ A&, ie., di(X) = O, then EX(S;’_I) is the Riesz—Fischer
sequence for neither r > 0.

Corollary 4.5 Let f; € ®,, n > 2, j = 1,2, with the measures vy and v in (1.2),
respectively. Assume that vi is absolutely continuous with respect to v>. Given a set
X = {xx}ren of distinct points in R", if fi is strongly X-positive definite then so is
fa. In particular, if vi and vy are mutually absolutely continuous (equivalent), then
f1 and f> are strongly X -positive definite simultaneously.

Proof By Proposition 4.3 there is an X-massive set /C, vi(K) > 0. Since v; is
absolutely continuous with respect to vy, then v2(K) > 0 as well. Now Proposi-
tion 4.3 applies in the backward direction and yields strong X -positive definiteness of
f2, as claimed. O

We are in a position now to present the main result of the section.

Theorem 4.6 (Theorem 1.6) Let (const #)f € ®,, n > 2, with the representing
measure vy (1.2). If vy is equivalent to the Lebesgue measure on Ry, then f is
strongly X -positive definite for each X € X,.

Proof We begin with the function es(r) := ¢™*" € &, and show that foreach X € X,

ey is strongly X-positive definite for all large enough s > 0. Indeed, take s so that

*© I'(n)  di(X)
n—1 _ n—1 —st _ *
1" esllpiry) _/0 t"le™ dt = o Si2

By Theorem 3.4 (see 3.7) the Schoenberg operator Sx (es) is bounded and invertible,
so (1.11) holds, as needed.

To make use of Corollary 4.5 we compute the measure v,,. To this end recall a
well-known result from the Fourier transforms theory, which plays a key role in the
sequel.

Leth € L'(R") and T be its Fourier transform (1.17). If h(-) = ho(]| - ||) is a radial
function, then so is 71\(-) = Hy(|| - ||). Moreover, Hy and h are related by (see, e.g.,
[32, Theorem 1V.3.3])

1 o0
Ho(r) = - \ Jg ruyu? ™ o (u) du

! /oosz( Y ho(u) d n 4.7)
= ru)u u)du, == —1. .
2T g+ DSy " 0 =73

The latter is usually referred to as the Fourier—Bessel transform.
We apply (4.7) to the pair of functions (see, e.g., [32, Theorem 1.13])

i)

—, il\(t) — e—SHl‘H’
VT (24 )T

h(x) =
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(this is a particular case of (4.23) below) and come to

r) = e 2 /OOQ —"" 4 sts0
es(r) = e = n(r) ————du, s,t>0,
B(5.3) Jo (s24+u2) 7
_ T(@r®)
B(a, b) = T@td (4.8)

is the Euler beta-function. This is exactly representation (1.2) of ey with the measure

su”_l

B(3,3) (2 +u2)"T

equivalent to the Lebesgue measure. By the assumption of the theorem the measures
v and v, are equivalent. Since ey is strongly X-positive definite for large enough s
and each separated set X € &), then by Corollary 4.5, so is f, as claimed. O

[\

Ve, (du) =

u,

Remark 4.7 In fact, Theorem 4.6 remains valid whenever the Lebesgue measure on
R is absolutely continuous with respect to the measure v, that is,

Vr(ds) = Viae + Vising = v}-(s)ds + Vf.sing, v}(s) >0 a.e., (4.9)

V sing 18 a singular measure. This statement is immediate from the obvious identity
Sx(f) = Sx(fac) + Sx(fsing), where fuc and fsine are the ®,-functions defined
by (1.2) with the measures vy 4. and vy sing, respectively. It is also a consequence of
Corollary 4.5, applied in its full extent.

Theorem 4.8 (Theorem 1.7) Let f € ®o(a), 0 < o < 2. Then

(1) f isstrongly X -positive definite for each X € Xy, d € N. In particular, if Sx (f)
generates an operator Sx (f) on €2, then it is positive definite and so invertible.
(ii) If the Schoenberg measure oy in (2.6) satisfies

4
/ sTwop(ds) <oo, deN, (4.10)
0

then the Schoenberg operator Sx (f) is bounded and invertible for each X € Xj.
(iii) Conversely, if Sy (f) is bounded for at least one §-regular set Y € Xy, then
(4.10) holds.

Proof (1). We apply again (4.7), now to the pair of functions

2
h(x) = (25)7"/? exp(—”z_”)’ il\(l‘) — e—s||t|\2,
A

to obtain representation (1.2) for the function
2 u

1 oo un—l 2

e, ST __ —_—
gs(r):=e = —qu(q D /0 Q, (ru) EBTE exp( 4s) du, r,s >0,
4.11)

Birkhauser



948 J Fourier Anal Appl (2015) 21:915-960

(cf. [3, Sect. V.4.3]). Hence for any f € ®, we can relate integral representations
(1.2) and (2.6). Namely, combining (4.11) with (2.6) we arrive at representation
(1.2) for f € D

Q) =/0 Qu(ruypn(u, fdu, ¢n(u, f)

u~ 1 2
s n/2 _Z
2‘11"(q D / 2s)” exp( 1 )Uf(ds) 4.12)

Clearly, vy = ¢, (-, f) du is equivalent to the Lebesgue measure, and the density
®n.o 1s bounded, strictly positive and continuous on R . The rest is Theorem 4.6.
(i1). By Corollary 3.6, the Schoenberg operator Sy (f) is bounded. It is invertible in
view of the strong X-positive definiteness of f.
(iii) is a combination of Theorem 3.4, (iii), and Corollary 3.6.
The proof is complete. O

Remark 4.9 As a special case of Theorem 4.8 we get that the function g5 (see 4.11)
is strongly X-positive definite for all s > 0 and each X € A&j,. The corresponding
Schoenberg operator Sy (gs) is bounded and invertible by Theorem 4.8.

Example 4.10 According to representation (2.6) each f € Pso(«w) is monotone
decreasing. The following example demonstrates that the monotonicity is not nec-
essary for f to be strongly X-positive definite for each separated set X € Aj,. In
particular, it gives an example of strongly X -positive definite function from &, \ P,

Let K, be the modified Bessel function of the second kind and order 4 (the definition
and properties of K, are given in the next section). By [35, p. 435, (5)] the following
integral representation holds for n > 3

By () = Qo (rs) My (rs) 2(2‘”"_2/°Osz< oy,

s(r) = Qu(rs rs) = ———— n(ru) ———————du,
! B(g.3) Jo (U + 454" 7
11K, (1)

is the Whittle—Matérn function, well-established in spatial statistics, ¢ = n/2 — 1,
s > 0 is a parameter. We show in the next section that M, € ®, so the function
hg € ®,. Its representing measure in (1.2) is equivalent to the Lebesgue measure and
given explicitly by

2(25‘)”72 unfl
1 —du
B(q.5) u*+4sH"T

v, (du) =

so by Theorem 4.6 h; is strongly X-positive definite function for each X € A&),.
On the other hand, & has infinitely many real zeros, so it is not monotone decreasing
and hence f ¢ ®. Thus, by (4.13), f € D,\P.
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Remark 4.11 1f a real-valued function f obeys |f(r)| < ce™*, a > 0, (as in the
above example), then by Proposition 3.8, the operator Sx(f) is bounded for each
X € X, and each n € N.

4.2 “Grammization” of Schoenberg Matrices

Our goal here is to implement the “grammization” procedure (see Sect. 1) for two
positive definite Schoenberg’s matrices

Sx(f) = [exp (—allx; — x;I)]; jen, and
Sx(f) = lexp (—allxi — x; Dl jen, @ >0, (4.14)

as well as for a certain family of Schoenberg’s matrices which contains the second
one in (4.14).
A key observation is stated as the following simple result.

Lemma 4.12 Letg € L*2(R") and g (-) := g(-—§&), g, (") := g(-—n) be its translates
on&,n € R". Then

(86, gn) 2@y = f(n— &) = F(E — ),

fx) = /R gx + g dy, F@):=Qu)"*gn|*. (4.15)

If g is a radial function, then f € ®, and its Schoenberg’s measure vy is absolutely
continuous with respect to the Lebesgue measure.

Proof The first equality in (4.15) is merely definition of the inner product. By Parse-
val’s equality

(8e. 8n)2rny=(8% . &n) 12(R0T= /R 18(0)2e™ 5 dr = 2m)"2F (£ —n), €, neR".

The rest is standard (see, e.g., [29, Lemma 3.6.5]). O

Proposition 4.13 Let &, n € R", a > 0. Then

_aqe_n2 2a n/2 — —g|?
e~ 5 16l =(;) (Sae San)2®ys  Zas(¥)=e “IEI(416)

The grammization of the first Schoenberg’s matrix in (4.14) reads as follows

[exe (=5 s =) ], jen (?a) Grilg;}, LAR"), g;(x)=e 1",
’ 4.17)
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Proof A combination of Lemma 4.12 (see 4.15) and the well-known formula

— 1 . 1 2
eI (1) = IS / eTPINIP=in gy — a7 e b0, (4.18)
yields the result. O

The grammization of the second Schoenberg matrix in (4.14) is similar but techni-
cally more involved.

We begin with a brief reminder of the modified Bessel functions K, of the second
kind of order u, which solve the differential equations

U0+t (t) — 2+ pWPHu@) =0, >0, peRr.

The asymptotics for K, is well known (see [1, (9.6.8-9.6.9)], [35, p. 202, (1)])

TG (1y- - .
log = + O(1), nw=0;
Ku(r) = /zlte_’(l+0(t_l)), t - oo. (4.19)

The functions K, are known to satisfy K_, = K, and to admit the following
integral representations (see [35, p. 183, (15)], [35, p. 172, (4)])

1(z\" [ ’
K,(z2) = > (%) / exp(—r - i—) gy
0 r
n oo 1
= — ﬁl (E) / e—zr(rZ_l)M—%dr’ /'L> 5 |argZ| < z
Cle+3)\2/ )i ? ;
(4.20)

Furthermore, K, is positive and monotone decreasing function on R..

Proposition 4.14 Let n € N and K, be the modified Bessel function of the second
kind of order n, 0 < u < n/4. Fora > 0 and & € R" put

N
apu(x) 1= (“j—”) Ku@llx). ape() = gapu(x —£), xR (421)

Then with p := 5 — 2u > 0 the following equality holds for all £, n € R"

e —nl\? 223 n
Kp (@l —nl) = ——— (Sapt> Sapn)2@ry > T =5 — i
a T2 )

Bz, 5
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Proof It follows from (4.19) that g, , € LY®R™) N L2(R") for 0 < w < n/4. We
begin with the formula for the Fourier transform (cf. [29, Theorem 3.7.5])

24T (g —p+1)  27'T()
(@ [l£]2)a=1+1 (@ + ||1]?)T

— n
8a,n(t) = =heu®), gq= R 1. (4.23)

Due to its importance we outline the proof (cf. [18, p. 7]).
Since hy,, € L2(R") for0 < u < n/4 we can compute its Fourier transform A, ;.
The starting point is the gamma function identity

—T 1 oo —sA 1—1
A" = m e s ds, A, T >0,
) Jo

which we use to obtain

1 L% @) o1
- e 57V ds. (4.24)
@+ x1>»* T Jo

Next, we take the Fourier transform of both sides and apply (4.18) to find

— 2711 (1) .
ha () = Q2m 7"/2/ = T gy
anlt) = Cm) re (@ 4 [|x]?)°

-1
- (Zz;w /Oo e—Sazsr—l dS/ e_SHXHZ—i(l,x) dx
O n
00 e
- 2*#*1/ exp(_saz B ||4i) el g
0 A)

2u poo 2011112
= ;H—l / exp(—r 4 JJ | )rf“*l dr.
0 r

Equality (4.23) now follows from the first integral representation (4.20).
In view of (4.15) it remains to compute

o—ilt.u)

f(r):/ [Zan () e 00 gy = 22=Dr2(q) — _du
Re N o (@ + Jull)2

by using exactly the same method as above. Precisely, since I'(2r) = 2%~z =12 (r)
I'(r +1/2), we have

22=Dr2(7) et du=22<f*1>1“2(r)—(zn)n/2 (i)%_h
re (a2 + ||ul|?)%® 22711 @27) \ ||
(2m)"/? 1\ /Nt \»
Ky ac(alitl) = Z5— B( .5 ) (5) Kptali.
as claimed. O
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Corollary 4.15 The grammization for the second Schoenberg matrix in (4.14) is

[exp (—allx; — xk D1 ken = Gr({g;}, L*(R™)),

or (2434 a E
m( 4n)+1 (”x _x.”) K%(allx —x;jlD.
7T T() /

(4.25)

n—1

gix) =

In particular, forn = 3

lx=¢&l ,—all I
e—a\lé—nllzi/ e e dx, &neR} a>0 (426
2 Jrs llx =&l llx —nll

Proof Take u = %, so p = 1/2, and the function in the left side of (4.22) is just
the exponential function (cf. [35, p. 80, (13)])

& —ul 7 el
— Kip@lE—nl)=,/7 ——, 4.27)
a 2
which is (4.25).
Ifn =3, =1/2, then
NV 7 e—alx—¢l
Ja12,6(x) = ( ) Kipp(allx — &) = \/> (4.28)
wlizs lx — &l / I — &l
and (4.26) follows. O

Note that (4.26) is one of the cornerstones of [21] (see formula (3.26) therein).
The case n = 2, u = 0 leads to the following

Corollary 4.16 Forall &, € R* anda > 0

1
”E l Ki(all§ —nll) = — (Ko(all - =& 1. Kolall - =nlD}r2w2)-

There is another natural way to view (4.22). For arbitrary p > 0 anda > 0 consider
the Whittle-Matérn function (cf. 4.13)

p
Myo(r) = (2) Kpy(ar)., r>0. (4.29)

Since K, = K, the notation makes sense for negative indices, and another family
of the Whittle-Matérn functions comes in

- p -
Mpa(r) = M_po(r) = (;) Kpar), p>0, Moa(r) = Ko(r).

Birkhduser



J Fourier Anal Appl (2015) 21:915-960 953

Then equality (4.22) with 0 < 2p < n reads

Mpa(IE =) = (enpMaa(ll - =€), cnpMaa(l - —nlD) 2 gn),

0<d= (" noo 2 430)
=-\-=-p)<-, ¢¢ =——"— .
= 227 P) g G 75 B(d, 1)

forall £, n € R".
To have a proper normalization at the origin we put (see 4.19 and 4.13)

My (r) . rPKp,(r)

= =1 2 )
21T (p) 21T (p) +0@r°), r—0

Mp(r) =

As a byproduct of Proposition 4.14 we have (cf. [19], [14, Table 2]).
Corollary 4.17 M, € & forall p > 0.

Proof Take n > 2p. By Proposition 4.14, for each finite set X C R" the Schoenberg
matrix Sy (M) is the Gram matrix, so Sx (M) > 0. Hence M), € ®, for all such n,
as claimed. O

With regard to Corollary 4.17 one might ask whether the functions M), belong to
certain subclasses of @, for instance, to the class C My (R ) of completely monotone
functions. The result below seems interesting on its own.

Proposition 4.18 For the Whittle—Matérn function M, the following statements hold.

(i) M, e CM(Ry) ifand only if —oo < p < 1/2.
(i) M, € CMy(Ry) if and only if 0 < p < 1/2.

Proof The assertion for —oo < p < 1/2 follows directly from the second integral

representation (4.20) and the Bernstein theorem, if one puts © = —p. Note that the
Bernstein measure is finite if and only if 0 < p < 1/2. For p = 1/2 we have

Mip(r)=e" € CMy(Ry).
Let now p > 1/2. We wish to show that inequalities (2.4) are violated for some

k > 1. The argument relies on the differentiation formulae for the Bessel functions,
which in our notation look as (see [35, p. 74])

1 d\"
(Z E) Mp1(2) = (=1)"Mp_m,1(2). @31

For m = 1 it displays the fact that M, 1 is monotone decreasing function on R. For
m = 2 we have

My (r) = —=Mp_11(r) + r*Mp_21(r).
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For p > 2 obviously r*M, 21 — O asr — 40,50 M) |(+0) = —2"*T'(p —
1) < 0, which is inconsistent with (2.4) for k = 2. If 1 < p < 2, then again

My 21(r) =rP Ko p 1 (r) =P 2My_, 1(r) — 0,  r — +0,

with the same conclusion.
Finally, let 1/2 < p < 1. From (4.31) with m = 1 one has

M), (r) = —rMp_11(r) = =rPK1_p(r) = =r"""'M1_,1(r) > 0, r— 40

so M ;, 1 (+0) = 0 that is impossible for a nonconstant completely monotone function.
The proof is complete. O

Remark 4.19 For 0 < p < 1/2 a stronger result is proved in [22], namely,
"M, 1(r) € CM(Ry). Our results for the other values of p seem to be new.

4.3 Minimality Conditions and Riesz Sequences in L>(R")

The classical result of Bari (see Sect. 1) states that a sequence {¢x}ren of vectors
in a Hilbert space is a Riesz sequence if and only if the corresponding Gram matrix
Gr{gi}ren generates a bounded and invertible linear operator on £2. We examine here
certain systems of translates from this viewpoint.

The definitions below are standard (cf. [15, Chap. VI]).

Definition 4.20 A sequence of vectors {/} ;< in a Hilbert space ‘H is called minimal,
if neither of Ay belongs to the closed linear span L({h;} ;i) of the others. In other
words,

8k = dist(hi /Il hell, L(Rj}j20)) > 0, k € N.

{h;}jeN is uniformly minimal, if infy 8 > 0.
Recall that Riesz—Fischer systems are defined in (1.15).

Lemma 4.21 Any bounded Riesz—Fischer sequence {h} ;cn is uniformly minimal.

Proof By the assumption, || k|| < ¢ with some c¢; > 0. Therefore, by Definition 1.8
(i), (see 1.15), for any fixed k and any finite sequence {£;} C C

HZS"}” “il 2\ g | e 2 g ¢
j#k J#k 1
Now the result follows directly from Definition 4.20. O

Given a function g € L>(R") and a set X = {x j}jen C R", consider a sequence
Fx(g) = {g(- — xj)} jen of translates of g. Denote g;(-) = g(- — x;).

Theorem 4.22 (Theorem 1.9) Let g € L2(R"), n > 2, be a real-valued and radial
function such that its Fourier transform g(t) # 0 a.e., and let X = {x;}jen C R".
Then the following statements are equivalent.
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(i) Fx(g) = {gj}jen forms a Riesz—Fischer sequence in L2(R");
(i1) Fx(g) is uniformly minimal in L2(R"):
(iii) X is a separated set, i.e., d.(X) > 0.

Proof Implication (i)=>(i1) is immediate from Lemma 4.21 since now

lgjll2mny = 8llL2wn)s JeN.

(i1)=-(iii). With no loss of generality we can assume that
lgjll2wny = gl L2@ny = 1, JeN

The normalization in (4.15) shows that F O =g ||i2 ®" = 1.
Let Fx (f) be uniformly minimal. Then there exists & > Osuchthat ||g; — gl 2> 2¢

for all j # k € N. A combination of the latter inequality with identity (4.15) yields

- lg; — gll?
1= F(llxj —xklD) = 1= (g, &) 2mny = JT > e,

j keN, (4.33)
and so d.(X) > 0.
(iii))=(@). Let d«(X) > 0. As all functions in question are radial, we put

Fo(lltl) :== F() = Qo) g 1>, Fo(lrl) :== F(2). (4.34)

By Lemma 4.12, F is a radial positive definite function on R”, i.e., 1::0 e &,, and
F € L'(R"). The equality

F&) = (271)_”/2/ e F () dt

n

shows that the measure 17 from Bochner’s representation (2.2) of F is absolutely
continuous, ug(dt) = (27)~"/2F dt. Moreover, the condition g # 0 ae. implies
F > 0 a.e. on R”, that is, uz is equivalent to the Lebesgue measure on R". Hence,
the representing Schoenberg’s measure v from (1.2) is equivalent to the Lebesgue
measure on R due to the relation v F {[0, 71} = pgllix]l < r}. Thereby the conditions
of Theorem 4.6 are met, and the function Fj is strongly X -positive definite. By Lemma
4.12 (see identity (4.15)) and Definition 1.5 of strongly X-positive definite functions,
the latter amounts to saying that Fx(g) is the Riesz—Fischer system. The proof is
complete. O

Under certain additional assumptions on g we come to Riesz sequences of translates.

Theorem 4.23 (Theorem 1.10) Let g € L2(R"), n > 2, be a real-valued and radial
function such that its Fourier transform g # 0 a.e., and let X = {xj}jen C R".
Assume that
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wE) = sup /0] L@, § R, f<r>=/R g+ 1)) dy.
= n
(4.35)

Then the following statements are equivalent.

(1) Fx(g) forms a Riesz sequence in L2(R");
(i) Fx(g) forms a basis in its linear span;
(iii) Fx(g) is uniformly minimal in L*>(R");
(iv) X is a separated set, i.e., di(X) > O.

Proof The implications (i)=>(ii)=>(iii) are obvious. The implication (iii)=-(iv) is
proved in Proposition 4.22.

It remains to prove that (iv) implies (i). Lemma 4.12 is a key ingredient of the proof.
Condition (4.15) now reads

Gr(lgj, L*RM)}) = Sx(Fo), (4.36)

I::o is defined in (4.34). In view of the aforementioned theorem of Bari we wish to
show that under the hypothesis of Theorem 4.23 the Schoenberg operator S ¥ (Fo) is
bounded and invertible.

First, v is the radial function, v(-) = u(| - ||). It is clear that u =" (0)u(|| - ||) € M
and

veL'R") < s" u(s) e L'(Ry).

Therefore in view of Proposition 3.8, assumption (4.35) implies the boundedness of
the Schoenberg matrix Sy (Fp), so Fx(g) is the Bessel sequence.

Secondly, according to Proposition 4.22, the condition g # 0 a.e. ensures Fx (g) to
be the Riesz—Fischer sequence, i.e., the Schoenberg operator S X(FO) is invertible, as
claimed. Thus, by (4.36) the Gram matrix Gr({g;, L2(R™)}) is bounded and invertible,
and the Bari theorem completes the proof. O

Corollary 4.24 (Corollary 1.11) Let g € Lz(R"), n > 2, be a real-valued and radial
Sfunction with compact support, g # 0, and let X = {x;}jeny C R". Fx(g) forms a
Riesz sequence in L*>(R™) if and only if X is a separated set.

Proof To verify the conditions of Theorem 4.23 note that the function f in (4.35) is
now bounded, continuous and has a compact support. So v € L' (R"). Next, induction
on 1 and Fubini’s theorem show that g # 0 a.e. O

It might be interesting to point out that the latter result is in general false for
n = 1. Indeed, let g = x;—1,1] equal 1 on [—1, 1] and zero otherwise. Let X =
{xt}reny C RY, xx = k — 1. For the system of translates Fy (g) it is easy to compute
the Gram matrix Gr({g;, L>(R")}) = J({2}, {1}) the Jacobi matrix with 2’s on the
main diagonal and 1’s off the main diagonal (cf. Example 3.29). Since its spectrum
o(Gr({g;, Lz(Rl)})) = [0, 4], the corresponding operator on £2 is not invertible, so
Fx(g) is not a Riesz sequence, as needed.
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Remark 4.25 Condition (4.35) appears in various problems of analysis. For instance,
it provides convergence of integral means of an integrable functions in all its Lebesgue
points (see [32, Theorem 1.25], [6], and [34, Theorem 8.1.3]).

Example 4.26 The conditions of Theorem 4.23 can be verified for the systems we
already encountered in the previous section. For instance, as we have seen in Propo-
sition 4.13,

~ 1 \n/2 a
) == — Ry = () et
a

Similarly, it is shown in Proposition 4.14 that

(x)—(i)“K(anxn) 0<u<2= For)
SO= ) P =Y 0

B(5—m.35) (1) n
=W(5) Ky(ar), P=§—2M-

Since in both cases Fy € ®o, C M (cf. Corollary 4.17) and Fy decays exponentially
fast (see 4.19), Theorem 4.23 applies, so Fx ( f) is the Riesz sequence foreach X € &},.

In view of applications in the spectral theory let us single out two particular cases
of the above example.

Corollary 4.27 Let

eall=xjll

Fa = (Kol - —x; 1)} jen. f3=[—] . (437)
=0 ] jen

Then each of the sequences F> and F3 forms a Riesz sequence in L*(R?) and L*(R?),
respectively, for each X € A&,.

Remark 4.28 Corollary 4.27 is crucial in the study of certain spectral properties of
the Schrodinger operator with point interactions [21]. The statement on the system
F3 was proved in [21, Theorem 3.8] in a different manner. The appearance of such
functions takes its origin in the following classical formulae for the resolvent of the
Laplace operator Hy := —A in R and R?, respectively,

| 1 el Valx—t|
(Ho—zl)_f=—/ —— f() dt,
4 Jr3 |lx — 1]

1
(Ho—zD)7'f = E/Rz Ko(W=zllx —tll) f (@) dt, (4.38)

(see [5, formulae (1.1.19), (1.5.15)]).

We show now that a sequence Fx (g) can be minimal but not uniformly minimal, (so
necessarily d, (X) = 0), whenever g # 0 a.e. is replaced by the stronger assumption
(4.39). Note that in the following proposition a function f is not assumed to be radial.
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Proposition 4.29 Given g € L*>(R"), assume that its Fourier transform g admits a
lower bound

N C
[g()| > W (4.39)

for some p > 0. Then the system Fx(g) = {g(- — x;)}jeN is minimal in L>(R") for
each set X = {x;}jeny C R" with no finite accumulation points.

Proof Put g;(-) = g(- — x;). Since the Fourier transform is a unitary operator in
L%(R™), the system {g j}jen is minimal in L?(R™) if and only if so is the system of
their Fourier images {2} jen. Note that g; = ge "%, f = fi (recall that x; = 0).

To prove the minimality of {g}} je, it suffices (in fact is equivalent) to construct a
biorthogonal sequence {} ;eN.,

(hj. 8k} 2wy = /]R hjOg@W) e dt =8, hj € LUZj}jen)

To this end take a smoothing function w and its shifts w;

[exp( L), el < | (x—xf')
w(x) = 0 [x)°—1 w;i(x) :=w ,

llx|l = 1. Pj
pj = dist(x;, X\{x;}) >0

for each j, since X has no finite accumulation points. By the definition w; (x;) = &;.
Since w € C§° (infinitely differentiable with compact support), both w ; and w; belong
to the Schwartz class. Define

n w]()

hji() == Q2m)"? =—
7
In view of (4.39), k1 € L'(R") N L2(R"), so

(hj1. 8k) 2@y = / hja(0) f() ™) dr = ()~ 2
Rll

/ Wi(r) e dt = w;(xg) = 8.

R»

We are left with putting h; := Ph; 1, where [P is a projection from L*(R") onto
L({g;j}jen). The proof is complete. O

Example 4.30 Let g = g4, be given by (4.21) with 0 < u < n/4. Condition (4.39)
follows from (4.23), so the system Fx (g) is minimal for each set X of distinct points
with no finite accumulation points.

Remark 4.31 1Tt is easy to construct a set X = {xg}ren With dyu(X) = 0, which has
no finite accumulation points. For instance, x; = +/k — l e, k € N, e is a unit vector
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in R". Note also that a special case of Proposition 4.29 regarding minimality of the
system F3 (4.37) was proved in [21, Lemma 3.5] in a different manner. In the latter
case

e—alxll N 2 1
= S )=/ ——>,
809 =50 $O=N T e

and (4.39) automatically holds.

Acknowledgments We are grateful to T. Gneiting for comments on «-stable functions and the Matérn
classes, A. Kheifets for the function theoretic argument in the proof of Lemma 3.23, B. Mityagin and V.
Zastavnyi for careful reading of the manuscript and valuable remarks.

References

o —

10.

1.
. Christensen, O., Deng, B., Heil, C.: Density of Gabor frames. Appl. Comput. Harmon. Anal. 7,292-304

13.
14.
15.
16.
17.
18.
19.
20.
21.

22.

23.

. Abramovitz, M., Stegun, I.: Handbook of Mathematical Functions. Dover, New York (1972)
. Aharoni, 1., Maurey, B., Mityagin, B.: Uniform embeddings of metric spaces and of Banach spaces

into Hilbert spaces. Israel J. Math. 52(3), 251-265 (1985)

. Akhiezer, N.I: The Classical Moment Problem and Some Related Questions of Analysis. Oliver and

Boyd, Edinburgh (1965)

. Akhiezer, N.I., Glazman, I.M.: Theory of Linear Operators in Hilbert Spaces. Ungar, New York (1961)
. Albeverio, S., Gesztesy, F., Hoegh-Krohn, R.: Solvable Models in Quantum Mechanics (with an Appen-

dix by P. Exner), 2nd edn. AMS Chelsea Publishing, Providence (2005)

. Belinskii, E.: Summability of multiple Fourier series at Lebesgue points. Theory Funct. Funct. Anal.

Appl. 23, 25-49 (1975)

. Berg, C., Christensen, J.R.P., Ressel, P.: Harmonic Analysis on Semigroups. Springer, New- York (1984)
. Bernstein, S.: Sur les fonctions absolument monotones. Acta Math. 52, 1-66 (1929)
. Bretagnolle,J., Dacunha, C.D., Krivine, J.L.: Lois stables et espaces L”. Ann. Inst. H. Poincaré Probab.

Statist. 2, 231-259 (1966)

Bochner, S.: Monotone Funktionen, Stieltjessche Integrale und harmonische Funktionen. Math. Ann.
108, 378-410 (1933)

Garnett, J.B.: Bounded Analytic Functions. Academic Press, New York (1981)

(1999)

Gneiting, T.: On «-symmetric multivariate characteristic functions. J. Multivar. Anal. 64, 131-147
(1998)

Gneiting, T.: Strictly and non-strictly positive definite functions on spheres. Bernoulli 19, 1327-1349
(2013)

Gokhberg, I.C., Krein, M.G.: Introduction to the Theory of Linear Nonselfadjoint Operators. AMS,
Providence (1969)

Goloschapova, N., Malamud, M., Zastavnyi, V.: Radial positive definite functions and spectral theory
of Schrédinger operators with point interactions. Math. Nachr. 285(14-15), 1839-1859 (2012)
Golubov, B.I.: On Abel-Poisson type and Riesz means. Anal. Math. 7, 161-184 (1981)

Grafakos, L.: Modern Fourier Analysis. Springer, New York (2009)

Guttorp, P., Gneiting, T.: Studies in the history of probability and statistics XLIX: On the Matérn
correlation family. Biometrika 93, 989-995 (2006)

Koldobskii, A.: Fourier Analysis and Convex geometry. Mathematical Surveys and Monographs, vol.
116. AMS, Providence (2005)

Malamud, M., Schmiidgen, K.: Spectral theory of Schrodinger operators with infinitely many point
interactions and radial positive definite functions. J. Funct. Anal. 263(10), 3144-3194 (2012)

Miller, K., Samko, S.: Completely monotonic functions. Integr. Transform. Spec. Funct. 12, 389402
(2001)

Moreaux, G.: Compactly supported radial covariance functions. J. Geod. 82, 431-443 (2008)

) Birkhduser



960 J Fourier Anal Appl (2015) 21:915-960

24. Nikolski, N.K.: Operators, Functions, and Systems: An Easy Reading. I. Hardy, Hankel, and Toeplitz.
AMS, Providence (2002)

25. Nikolski, N.K.: Operators, Functions, and Systems: An Easy Reading. II. Model Operators and Sys-
tems. AMS, Providence (2002)

26. Peller, V.: When is a function of a Toeplitz operator close to a Toeplitz operator? Operator Theory,
Birkhiuser 42, 59-85 (1989)

27. Rosenblum, M., Rovnyak, J.: Hardy Classes and Operator Theory. University Press, Oxford (1985)

28. Rosenblum, M.: The absolute continuity of Toeplitz’s matrices. Pac. J. Math. 10, 987-996 (1960)

29. Sasvari, Z.: Multivariate Characteristic and Correlation Functions. W. de Gruyter, Boston (2013)

30. Schoenberg, I.: Metric spaces and completely monotone functions. Ann. Math. 39, 811-841 (1938)

31. Schoenberg, I.: Metric spaces and positive definite functions. Trans. Am. Math. Soc. 44, 522-536
(1938)

32. Stein, E., Weiss, G.: Introduction to Fourier Analysis on Euclidian Spaces. Princeton University Press,
Princeton (1971)

33. Sun, X.: Conditionally negative definite functions and their application to multivariate interpolation.
J. Approx. Theory 74, 159-180 (1993)

34. Trigub, R., Bellinsky, E.: Fourier Analysis and Approximation of Functions. Kluwer-Springer, Dor-
drecht (2004)

35. Watson, G.N.: A Treatise on the Theory of Bessel Functions, 2nd edn. Cambridge University Press,
Cambridge (1966)

36. Wells, J., Williams, L.: Embeddings and Extensions in Analysis. Springer-Verlag, Berlin, Heidelberg,
New York (1975)

37. Wendland, H.: Scattered Data Approximation. Cambridge University Press, Cambridge (2005)

38. Whittaker, E.T., Watson, G.N.: A Course of Modern Analysis, Part II: Principal Transcendental Func-
tions. Cambridge University Press, Cambridge (1927)

39. Widder, D.: The Laplace Transform. Princeton University Press, Princeton (1946)

40. Young, R.M.: An Introduction to Nonharmonic Fourier Series. Academic Press, New York (1980)

41. Zastavnyi, V.: On positive definiteness of some functions. J. Multiv. Anal. 73, 55-81 (2000)

) Birkhduser



	Schoenberg Matrices of Radial Positive Definite Functions and Riesz Sequences of Translates in L2(mathbbRn)
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Positive Definite Functions
	2.1.1 Class Φinfty of ell2-Radial Positive Definite Functions
	2.1.2 Bernstein Class CM(mathbbR+) of Completely Monotone Functions
	2.1.3 Subclasses Φinfty(α) of Radial Positive Definite Functions

	2.2 Infinite Matrices and Schur Test

	3 Schoenberg Matrices from Operator Theory Viewpoint
	3.1 Bounded Schoenberg Operators
	3.2 Fredholm Property
	3.3 Unbounded Schoenberg Operators
	3.4 Schoenberg--Toeplitz Operators

	4 Schoenberg Matrices and Harmonic Analysis on mathbbRn
	4.1 Radial Strongly X-Positive Definite Functions
	4.2 ``Grammization'' of Schoenberg Matrices
	4.3 Minimality Conditions and Riesz Sequences in L2(mathbbRn)

	Acknowledgments
	References




