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Orthogonal Polynomials on the Unit Circle
Leonid Golinskii

One way to generalize orthogonal polynomials on subsets of R is to consider orthogonality on
curves in the complex plane. Among these generalizations, the most developed theory is the
general theory of orthogonal polynomial on the unit circle T. The basic sources for this chapter
are Grenander and Szeg6 (1958), Szegd (1975), Geronimus (1961), Geronimus (1962), Simon
(2004a), Simon (2004b), Ismail (2005b, Chapters 8 and 17), and recent papers which will be
cited in the appropriate places.

In what follows we shall use Simon’s abbreviation OPUC for orthogonal polynomials on
the unit circle.

9.1 Definitions and Basic Properties

The unit circle T is by far the simplest closed curve in the complex plane with a number of
additional properties, so polynomials orthogonal with respect to measures on T are of specific
interest.

Consider the class of all nontrivial probability measures u(6) on [—m, 7] (that is, not sup-
ported on a finite set, positive Borel measures with y[—m, 7] = 1). The Lebesgue decomposi-
tion of y is the decomposition

. de
H(O) = fac + ps = [ (9)§ + Uy 9.1.1)

where i/ € L'([-r,x]) is the Radon—Nikodym derivative of u with respect to the Lebesgue
measure and g is the singular part of p.
The moments (Fourier coefficients) of y are defined by

vy

U = fe—f’“* du@), keZ=1{0,+1,+2,...}, 9.1.2)

-

and form a bounded sequence. The moments of 1 generate the Toeplitz determinants
D, = Dy(p) = det iill!y > 0. 9.1.3)

The theory of quadratic forms shows that D, is strictly positive foralln € Z, ={0,1,2,...}.
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The orthogonal polynomials with respect to u arise as an outcome of the standard Gram—
Schmidt procedure applied to the system of monomials {{"},.o, { = €, in the Hilbert space
LZ([—ﬂ', n]) of square-summable measurable functions on T with the inner product

(f> & = f FQgdu®), ¢=¢", Nl =(f. P

There are two natural ways of normalization: the orthonormal polynomials
$n(2) = du(z: 1) = kp2" + lower-order terms, (G, b)), = S 9.1.4)
n,m € Z,, and the monic orthogonal polynomials
D,(2) = ©,(z; 1) = K,‘l'¢,,(z) =7"+ fn,n_lz"_' + lower-order terms. (9.1.5)

Both systems are uniquely determined when we demand that «, > 0. The monic orthogonal
polynomials are characterized by the property

deg(P)=n, (P{)u,=0, 0<j<n imply P =c,D,. (9.1.6)

The following expressions for monic orthogonal polynomials are similar to (2.1.4) and
(2.1.6):

Ho  H-1 .o Hep
1 M1 Mo - H-n+l
D,(z) = D, : : 9.1.7)
—
Mn-1  Mp-2 ... H-1
1 z ... 7"

and

1 n
@) = o f [le-o [] |§;—§k|2ﬂdu<4j>. (9.1.8)
Tn = J=

Equation (9.1.7) implies an important relation

D
— 2 _ n
(@, 2") = Dl = Do 9.1.9)
Let zo be a zero of @,. Following an elegant argument due to H. Landau (Landau, 1987),
we write ©,(z) = (z — z0)P(z),degP =n—1, so ®,LP and

2P(2) = ©u(z) + 20P@),  [IzPI = 1Pl = 10415 + ol IIPII;,

hence (1 — IzOIZ)IIPIIi = II(D,,IIZ and so |zg] < 1. In other words, all zeros of all orthogonal
polynomials lie in the open unit disk D = {|z] < 1}.

The following extremal property of monic orthogonal polynomials is one of the highlights
of OPUC theory.
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Theorem 9.1.1 The minimum of the integral

f PR duu(6) ©.1.10)

taken over all monic polynomials P of degree n is attained when P = ®,,. The minimum value
of the integral is K,

As a straightforward consequence we have Simon’s variational principle (Simon, 2007b),
which proved useful in the study of Schur and related flows. Note that one can define monic
OPUC for any finite positive measure, even if not normalized, and of course ®,(z;cu) =
@, (z; w) for any positive constant c.

Theorem 9.1.2  Let u be a nontrivial probability measure on [—n, rt], and {z J-}’]le be among
the zeros of ©,(u). Then

k
D, (z;0) = l—l(z —2)P@p

=1

k
Z l_[ |z —z,* dp).

J=1

The reverse polynomial f* of a polynomial f of degree n is f*(z) = 2" f(1/z), that is,
F@=Yfd it @)= fid ©.1.11)
k=0 k=0

Equation (9.1.6) now shows that
deg(P)<n, PL1l, j=1,...,n imply P =c,D.. 9.1.12)

The polynomials @, are called the *-reverse polynomials. Clearly, ®;(0) = 1.

The next result shows how systems of orthogonal polynomials on T are in one-to-one cor-
respondence with pairs of special systems of polynomials orthogonal on [—-1, 1]. The model
is {z"} on T and the Chebyshev polynomials { Re 7"} and { Imz"*!/Im z} on [-1, 1].

Theorem 9.1.3 (Szegd’s mapping theorem) Let du(x) be a probability measure on [—1, 1]
and let ¢,, be the polynomials orthonormal with respect to du(cos 6) on the unit circle. Assume
further that {t,(x)} and {u,(x)} are orthonormal sequences of polynomials whose measures of
orthogonality are du(x) and c; (1 - xz) du(x), respectively. With z € T and x = (z+ 1/2)/2 we
have

1) = [1+ 22(0)/k20] ™ [ P20(2) + 2" 20(1/2)]

= [1= $20(0)/k20] ™ [ $201(2) + 27 B0 1 (1/2)] ©-1.13)
and
() = i@ + 2 Gaa(1/2)
VI = 620020 /2012 (2 = 1/2) oL

_ T "Pon1(2) + " Pons1(1/2)
VI + ¢2142(0)/Kapi2 (2 = 1/2)
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9.2 Szeg6 Recurrence Relations and Verblunsky Coefficients

A key feature of the unit circle is that the multiplication operator U f = zf in Lfl(T) is unitary.
So the difference @, (z)—z®P,(z) is of degree at most n and orthogonal to z/ for j = 1,2,...,n,

and by (9.1.12),
D,,1(2) = 20,(2) — @, D;,(2)

with some complex numbers «,, known as the Verblunsky coefficients,

n+l n+1
@y = =000 = ' [ |Zjmers el = [ Jlzpanl < 1,
j=1 j=1

where {z;,+1} are zeros of @, (). Applying (9.1.11) to (9.2.1) yields
), 1(2) = D (2) — @29, (2).

The recurrence relations (9.2.1) and (9.2.3) are the Szeg6 recurrences.
It follows from the unitarity of U and @} L®,,, that

n—1
1@t IP = (1=l PlIRAR, 1P = .2 = [ [(1 = la).
j=0

We set

pji=+/l—le;>, sothatO<p; <1

Thus the leading coefficients «,, satisfy K;Hl_l = pak;, ', hence are given by

= [ =101/p).
j=0

9.2.1)

(9.2.2)

(9.2.3)

(9.2.4)

(9.2.5)

Combining (9.2.1) and (9.2.3) we obtain the Szegd recurrence relations in matrix form:

©,41(2)| _ [@,,(2) |z -a
[‘DZH(Z)]_A(Z’Q") QZ(Z)]’ A(Z’a)_[—za 1]'

In other words,

I:(I)I‘l+1 (Z)

N
(D;+I(Z):| =Tn(@) [1 ’ TP(Z) = Az, (Ip_1) . Az, ap).

(9.2.6)

(9.2.7)

The matrix T,(z) = is called a transfer matrix. This leads to the inverse Szeg6 recurrences

20,(2) = p,” [@n1 (@) + @D}, (D))
0}(2) = p,” [0} () + Pt (2)]

By eliminating @} between the direct and inverse Szegd recurrences we get the three-term

recurrence relation (see Geronimus, 1962)

Ano1Dps1(2) = (@ + po12)Dp(2) — @p>_ 70(2)

(9.2.8)
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for the @ ; without any CD}‘., which is helpful for the study of the ratio asymptotics of orthogonal
polynomials. Equation (9.2.8) has the defect that @,,_; can vanish.
The Szegd recurrence relations for orthonormal polynomials are

¢n+1 (Z)]

_ 1 én(2) _ . i . 1
o o) —AG, ) [ 'A(z,cxj)[ 1]. (9.2.9)

Pn @] 5P
The following fundamental result is proved in Verblunsky (1935).

Theorem 9.2.1 (Verblunsky’s theorem) Let D™ be the set of complex sequences {« j};io with
lajl < 1. Let S be the mapping from the set of all nontrivial probability measures on [—r, ] to
D defined by S (1) = {a j(u)}‘;.":o. Then S is one-to-one. Moreover, S is a homeomorphism if
the space of measures and D™ are equipped with the weak* topology and the componentwise
convergence topology, respectively.

For a detailed discussion and several proofs see Simon (2004a). In fact, the analysis in
Verblunsky (1935) shows that the moments y,, of every such measure can be parametrized by
elements of D* via

—_

n—

. _ - 2
Un+1 = polynomial in {ag, @o, . . ., ¥y—1, @1} + @y o

T
oS

Theorem 9.2.2 (Bernstein—Szeg6 approximation) Let u be a nontrivial probability measure
on [—n, ] with orthonormal polynomials ¢,. Let

1" = a0 dim. (9-2.10)

Then u™ belongs to the same class of measures, with
$@p™) = gz, k=01 gzp™) ="z (9.2.11)
fork > n, so
a;w™ =a;w, j=0,1,...,n-1; a;u™ =0, j=n (9.2.12)
Moreover, u™ — 1 as n — o in the *-weak topology.

In fact, the measures with finite sequences of Verblunsky coefficients are exactly those of
the form i = c|P(£)|~2 df, where c is picked to make u a probability measure, and P is a monic
polynomial of degree n with all zeros in D. In this case ®(z; ) = X" P(z) for k > n.

The relation between measures u and their Verblunsky coefficients in Theorem 9.2.1 is quite
intricate, and very little can be said in the general setting. But there is an important situation —
rotation of @ — when some information about a corresponding family of measures is available.
Specifically, let 4 € T and put @, = Aa,, n € Z,. The measures u, with a,(u)) = @,
(which exist by Theorem 9.2.1) are known as the Aleksandrov measures (or Aleksandrov—
Clark measures). A representative with 4 = —1 is of particular interest. The measure p_,
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is called a measure of the second kind, and the corresponding orthogonal polynomials are
called polynomials of the second kind. Special notation,

D, (ziu-1) = Vu(2),  Gulzipu1) = Ya(2), (9.2.13)

is standard for the monic orthogonal (orthonormal) polynomials of the second kind, respec-
tively. The explicit formulas for ¥, are due to Geronimus (1961):

¥, (z) = f ﬂ[cbn@)—«bn(z)] du®), ¢ =", (9.2.14)

W) =2 f = [(D @)~ ©.D)] du(®). 9.2.15)

for n > 1. Clearly, both relations hold for orthonormal polynomials as well. There is another
simple relation between @ and ¥:

n—1

VP2 + ¥ D2) = 22" [ [p3, m> 1. (9.2.16)
j=0

An important consequence is the following theorem.

Theorem 9.2.3 Let u be a nontrivial probability measure on [—n, w] and u™ be its Bernstein—
Szegd approximations (9.2.10). Then for z € D,

Y, _ oy _ fﬂ {+z _ e
T ) F(z, ') = _g“—zd“ @, (=€, 9.2.17)
50
. Y@ B § z
Jim i = F@m = [ S du®) 9.2.13)

=7
uniformly on compact subsets of D and

Yi(2)
Di(z)

F(z,p) — =0, z-0. (9.2.19)

The function F(u) in (9.2.18) is a Carathéodory function of u. An explicit formula for the
error in (9.2.19) is available:

Fla p)®;(2) - ¥i(2) = 2 f DD duo) (9.2.20)

Similarly to (9.2.19) we also have
F(z, 1)@, (2) + ¥, (2) = 2% + O(Z™"), z— 0. (9.2.21)
There is a converse to (9.2.19)/(9.2.21) due to Peherstorfer and Steinbauer (1995).
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Theorem 9.2.4  Given a nontrivial probability measure u on [—n, ] with the Carathéodory
function F(w), let p and q be polynomials of degree at most n with

PRF(z, 1) +q2) = 0", P @F(z 0 —q' @) = 0",

as z — 0, where p*, q* are the reverse polynomials for degree n. Then p = c®,(u), g = c¥,,(1)
for some constant c.

It turns out that the vector
( lﬂn(Z) )
—¥,(2)

provides a second linearly independent solution of the Szeg6 recurrence (9.2.9), and the
Carathéodory function F(u) has a property analogous to a defining property of the Weyl
m-function in the case of differential equations (see Geronimo, 1992; Golinskii and Nevai,
2001).

Theorem 9.2.5 For fixed z € D a number r = F(z, u) is the unique complex number so that

Yn(2) n(2) 2 B
(—w,*;(z)) " r(gb;(z)) € (2,,C%). (9.2.22)

There is another important property of F(u) related to mass points of the orthogonality
measure, which follows directly from the definition (9.2.18):

lirlno(l —F(ré,p) =2u{0) forallf =e” eT. (9.2.23)
The Christoffel kernels (reproducing kernels)
Ki(zow) = " 6,(08,(0) (9.2.24)
=0
arise with regard to the following extremal problem.

Theorem 9.2.6 Let u be a nontrivial probability measure on [—n, rt], and I1,(w) be a set of
all polynomials P of degree at most n subject to P(w) = 1. Then

— m ( 2 __ 1
ﬂn(w)_Pgll'l,l,I(lw) f IP(OI du(6) = K. ovow), (9.2.25)

The minimum is attained when P(z) = K,,(z, w)/ K,(w, w).
Theorem 9.2.7 (Christoffel-Darboux formula) For any n € Z, and z,w € C with wz # 1,

G412, (W) = Gt (DPni1 (W)

KH(Z’ W) = 1 _ WZ

_ 6,600 — 26,6, ")

1—-wz

(9.2.26)

(9.2.27)
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Here are some consequences of the Christoffel-Darboux formula. Setting z = w we have
(11 D" I8, = 1651 D = b1 Q)P 9.228)
=0

Setting w = 0 we come to

Ki(z0) = )" ¢(26,0) = ¢;8;0) = 6:6,(2). 9.2.29)
=0

The reproducing property of the Christoffel kernels is

s

f P(OK(L,w) du(®) = P(w), (9.2.30)

-

which holds for an arbitrary polynomial P of degree at most n and all complex w and follows
directly from the definition. As a simple consequence of (9.2.30) one has a unit circle analogue
of Theorem 2.1.8.

Theorem 9.2.8 Let M, (1) = ||u;- J'”Z/:O be the Toeplitz matrix of the moments of u. Let
n ) )
Ki(zw) = )" a;jd!
i,j=0
be the Taylor series expansion of the Christoffel kernel about the origin. Then

-1 * n
M, () =A%, A=llall] =

One result connected to the Christoffel circle of ideas in the case of orthogonal polynomials
on the real line is the Gauss—Jacobi quadrature formula. The following is its partial analogue
for the unit circle case.

Theorem 9.2.9 Suppose that the monic orthogonal polynomial ®,(u) has n distinct roots

Z1,...,2n. Then for each Laurent polynomial rt of the form
n
n(z) = Z n;z!
Jj=—n+1
there exist complex numbers 31, ..., [, so that

s

f n({) du(0) = Zﬁjﬂ(z,-). (9.2.31)
Jj=1

-
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9.3 Szegd’s Theory and Its Extensions

Szeg6’s theorems may well be considered the most celebrated in OPUC theory. They have
repeatedly served as a source for further development. For historical reasons one should state
them in terms of Toeplitz determinants, D,,(«) (cf. (9.1.3)). It follows from (9.1.9) and (9.2.4)
that

n

n—1
Dy = [ [P = [ [ =la;Py,

J=0 j=0

1 . .
so DY/ "(u) is monotone decreasing and

S(u) = r}i_)ngo(Dn(ﬂ))l/n = ,}I_Eg DD;?J(})!)

exists and is a nonnegative number. Suppose S(u) > 0. Then D,(u)/S"™*!(u) is monotone
increasing and

9.3.1)

Dy (1)
S n+l1 (l’t)

exists and may be equal +co. Also, G(u) < +oo if and only if Z;‘;O j|a'j|2 < oo (Ibragimov’s
condition).

Szegd’s theorems express S and G in terms of the absolutely continuous and singular com-
ponents of u (cf. (9.1.1)).

G(u) = lim 9.3.2)

Theorem 9.3.1 (Szeg&’s theorem)

S(u) = ]_[(1 —la,i?) = exp[zi flogu'(&) dG]. 9.3.3)
j=0 e

A striking feature of this result is that the o depend heavily on the singular component g,
whereas the product in (9.3.3) does not!

Szegd (1915) proved this for the case g = 0 in 1915 (in his very first paper!). The result
does not depend on i, — this was shown by Verblunsky (1936).

It is immediate from Szeg6’s theorem that

Z Iafjl2 < oo ifandonlyif logu €L (9.3.4)
j=0
The equivalent conditions (9.3.4) are known as the Szeg6 condition, and the corresponding

class of measures the Szeg6 class. Within this class, the Szegé function
1 0 + ;

L (e p@anl, c=e®, <1, (9.3.5)

dr ) (-2

D(z) = D(z,pn) = exp[

which depends only on an absolutely continuous component of the orthogonality measure,
is well defined. It is clear from the definition that D(u) lies in the Hardy space H*(D), and
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the standard boundary value theory implies D({) = lim,;; D(rz) exists almost everywhere and
ID(OP = 1/ (0) ae., so ||l < 1.

Theorem 9.3.2 (Strong Szegd theorem in Ibragimov’s version) If uy = 0 and the Szegd
condition holds, then

D@
G 1- 7t = ex W f ‘
W) = ﬂ( o) p(;me [ e
where w, are the Fourier coefficients of log u’, and d*z the normalized Lebesgue measure of
D. All the values may equal +oo.

For the modern approach to this result see Simon (2004a, Chapter 6).

Simon (2004a, Section 2.8) came up with the idea of extending Szegd’s theorem by allow-
ing “Pollaczek singularities” (so all quantities in (9.3.3) may be infinite). His result can be
viewed as the first-order Szegd theorem: for any ¢y € T,

i — &P logy’ € L' if and only if Z lajor — Zoa i + lajl* < oo
7=0

Moreover, there is a precise formula for this case similar to the second equality in (9.3.3). The
second-order Szegd theorem appeared in Simon and Zlatos (2005).

Theorem 9.3.3 Let ;. €T, k= 1,2. Then for { # {5,

I£ = &P - &P logy’ € LY if and only if

o

= a R 2 4
Dlajin =@ + g + Lhal + <,

=0
and for {, = {3,
I = &t logu’ € LY if and only if
Z laj2 - 2Z1aj+1 + {12a/j|2 + |czj|6 < oo,
j=0

The general conjecture called the higher-order Szeg6 theorem was formulated in Simon
(20044, Section 2.8). Given {; € T,k =1,...,nand {, # {,, p # g, define a polynomial

P =] |€-am, meN={12,..), PQO:=]]¢-Z"
k=1 k=1

and put m = 1 + maxy ny. Simon conjectures that
IP()*logw e L' ifand only if (P(S)){a;} € €* and {a;} € £7",

where S is the shift operator: S (@, a1, ...) = (a1, 2,...).
The following particular case of Simon’s conjecture which can be called the higher-order
Szeg6 theorem in ¢* is proved in Golinskii and Zlato§ (2007).
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Theorem 9.3.4  Assume that {a;} € ¢*. Then
\P(O)logy’ € L' if and only if (ﬁ(S )) laj} e £

The further advances concerning the polynomial Szeg6 class, that is, the class of measures
u with |P(O)? logy’ € L', in particular, the asymptotics inside the disk and L? asymptotics on
the circle, are in Denisov and Kupin (2006).

The celebrated Szegd asymptotic formula is one of the cornerstones of OPUC theory.

Theorem 9.3.5 (Szegd’s limit theorem)  Suppose the Szegd condition (9.3.4) holds. Then
lim ¢,(z) =0, lim ¢,(2) = D™'(z.p) (9.3.6)
uniformly on compact supports of the unit disk.

The result appeared in Szeg8’s pioneering 1920 paper (Szegd, 1920). Another closely re-
lated result concerns the asymptotics of the Christoffel kernels (see, for example, Grenander
and Szeg0, 1958, Chapter 3.4)

Theorem 9.3.6 Under the Szegd condition (9.3.4),

1 1 1
—_— _ 9.3.7
Mm Kn(z,w) = ,Z(; ¢,2)0,00) = =Wz D(w, ) Dz 1) O30

uniformly on compact supports of the bidisk (|z] < 1,|w| < 1).

In particular,

Aeo(w) := min [ f IP(OP du(8): P(w) = 1] = (1 = wID(w, W, (9.3.8)

where the minimum is taken over the set of all polynomials P.
As for the asymptotics on the unit circle, we begin with L?-convergence. The argument here
uses a simple equality

1 w n
> f 650 = DO (0) db + f |61 dus

[%)
f GO du + o |g((§))|2 d6 - 2R D) (0)

(cf. Simon, 2004a, Section 2.4). Since the first two terms on the right-hand side are 1 + 1, and
from the Szegd limit theorem

n—-1 n—1

6,0 =k, = [ [ =1, DO =[] -la;P),

J=0 J=0
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it is not hard to obtain the following bound:
L oin ool [ S
> f (62(0) = D™HQP 1 (0) d + f 63 (OP g <2 o
- — Jj=n

In particular, we have the following theorem.

Theorem 9.3.7 Under the Szegd condition (9.3.4),
Jim 5~ f [62(0) = DTN OP Y (B)db = lim f g dyy = 0. (9.3.9)

There are L’-convergence results of a slightly different type, which deal with the limit
relation

lim
Theorem 9.3.8 Under the Szegd condition, the convergence in (9.3.10) holds in the weak
topology of L*(T), that is,

=D(Q), (eT. (9.3.10)

i L [ 20
oo 21 J (0

do= L fD(g)@de, gel’
2

Furthermore,

2 = uy([-m 7).

lim||D - 1/¢;,

In particular, the convergence in (9.3.10) is in the L*-norm if and only if y is absolutely
continuous (ug = 0).

Khruschev (2001) proved the following nice limit relation that characterizes the Szeg6 class
Jlim f |log [¢,(O)I 7> = log 4 ()] d6 = .

As far as the Christoffel function on the circle goes, one can easily prove that for an arbitrary
measure 4,

o0 -1
. e I )|
lim 4,(¢) = lim KD (nz:(; |¢a(OI ] = ui6} (9.3.11)

for all £ = ¢ € T. A much more delicate result is due to Maté, Nevai, and Totik (1991).

Theorem 9.3.9 For an arbitrary measure u from the Szegd class one has
n

— /0’ — i9,
Ko MO f=e

lim
n—oo

a.e.on|—n,n].
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There are two natural ways to proceed from the Szegé theory. The first one is to consider
proper subclasses of the Szegd class, and refine the above asymptotic results by imposing
additional assumptions on the orthogonality measure, Verblunsky coefficients, ..., etc. For
instance, one may ask whether the basic formula (9.3.6) holds on the unit circle (uniformly,
pointwise, almost everywhere, etc.). Here is the classical result due to Szegd (see Grenander
and Szeg0, 1958, Theorem 3.5), which gives a rate of convergence in (9.3.6) on T.

Given a continuous function g € C(T), define its modulus of continuity by

w(6; g) = supllg(hd) — g(Q)|: |h = 1] <6, h € T}.

Theorem 9.3.10 Let u be absolutely continuous, u = %y’(@) de, with a positive and contin-
uous density u’. Assume also that

—(1+¢)
w(@G; ') < C (log 5) , &€>0. (9.3.12)

Then
sup ;) = D71 < Cy (logn) ™.

Assumption (9.3.12) was relaxed by B. Golinskii (Golinskii, 1967) to

a
t. ’
[ g,
t
0

and some rate of convergence was found in this case.
The uniform convergence in (9.3.6) in the closed unit disk can be guaranteed by certain
assumptions on Verblunsky coefficients «,(u) (see Geronimus, 1961, Chapter 8).

Theorem 9.3.11 Let the Verblunsky coefficients a, of the orthogonality measure u satisfy

Dl < oo, 9.3.13)
n=0
Then
max|¢;@) = D@l <€ ) lew(wl, neN. (93.14)
lzl<1 p

In the latter two results the property ¢” > 0 is crucial. Indeed, the asymptotic formula (9.3.6)
cannot hold uniformly on T as long as ¢’ has zeros on [, ]. Badkov (1985) suggested a
modified asymptotic formula, wherein ¢;(¢) is compared with D' (r,0) withr, 7 1asn — oo,
More precisely, he proved that in a variety of situations, when y’ has algebraic zeros on T, the
limit relation

¢u($) = D1 = en”HO[1 + o(1)]

holds uniformly on T.
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Denote by E(u) the subset of [-r, 7] on which D~'(2) = lim,_,;_o D~'(r¢), £ = €?. Clearly,
the normalized Lebesgue measure of this set is 1. The existence of the limit in (9.3.6) at { can
be viewed as a tauberian problem: under what conditions does

lim ¢(0) = lim lim ¢,(-¢) = lim lim ¢¢) = DN ¢)? (9.3.15)

The following result is due to Geronimus (1961, Theorem 5.1). Put
Sula) = ) ()P (9.3.16)
k=n

Theorem 9.3.12  Assume that (i > ¢ > 0 a.e., and 5,(11) = o(n™"). Then on the whole unit
circle,

5,, 2/3
650 = DO < ID7NQ) = D7\ )l + Cuo) P, 1y =1 (—) .

n
In particular, (9.3.15) holds on E(u).

Let us now turn to the boundedness of OPUC. The simplest bound comes out of the Szegd
recurrences (9.2.1)/(9.2.3).

Theorem 9.3.13 For { € T one has

n—1 n—1
[Ta-tah <i@a@n<] [a+a. 9.3.17)
J=0 Jj=0
Moreover,
n—1
sup |®,()] < exp| ) I, (9.3.18)
|zI<1 =0
so under assumption (9.3.13),
sup sup |@,(2)| < oo, (9.3.19)
n|7<1

that is, the system ®, is uniformly bounded in the closed unit disk. If B = sup; || < 1, then

n—1 n—1
1
inf |0,(0)] > ex - ——— Sl (9.3.20)
o P [}; S -mp 4

One can relax (9.3.13) and get some divergent (but still useful) estimates. For instance,

o

D nlanl? < oo implies [|[(@))*!] < Cexp(Dyiogn),

n=0

where || - ||« is the L®-norm on T, and C and D are suitable constants.
The uniform boundedness (9.3.19) holds under certain assumptions on the measure p.
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Theorem 9.3.14 Let u be absolutely continuous, and one of the following holds:

(i) 0 <c<y <C < a.e., and the moments u, = O(1/n), n — oo;
(1) 0 <c < ae., and i’ is of bounded variation.

Then @, is uniformly bounded in the closed unit disk.

The study of the uniform boundedness (9.3.19) has a long history going back at least to
Geronimus (1961). The uniform boundedness and uniform asymptotic representation for or-
thogonal polynomials is discussed in Golinskii and Golinskii (1998).

It was a conjecture of Steklov that the only condition y’ > ¢ > 0 yields the uniform
boundedness of orthogonal polynomials. This was proven false by Rakhmanov (1980, 1982a),
who showed that for any 6 < %, there are examples with limsup, ., [¢,(1)[n° = co. On the
other hand,

W =c>0ae. implies [|gullo < V*Vn+1. (9.3.21)

Statement (9.3.21) is sometimes called the Szegd estimate.

The second way to proceed from the Szegd theory is to go beyond the Szegd class and ex-
tend the above results to the case when the Szegé condition fails. The following three notable
classes of measures, each of which contains the Szegd class as a proper subclass, come in
naturally. These are

the Erdos class & of measures ¢ with ¢’ > 0 a.e.;

the Nevai class NV of measures y with lim,,_,, @, (u) = 0;

the Rakhmanov class R of measures ¢ with

n 1 n l
lim f FOIu(OP du®) = - f f@)do, ¢=é", forall feC(T) (9.3.22)

in other words, |¢,|> du — dm in the *-weak topology of the space of measures.
As it turns out, each class contains the former one as a proper subclass.
The first two classes were characterized by Maté, Nevai, and Totik (1985, 1987b) (see also
Nevai, 1991) by means of the quantity
1 v
2

$u(d)
Pnek(£)

bn,k =

2
—1' do.

Their argument is based on the relation, which holds for arbitrary nontrivial probability mea-
sure /4,

1 s
lim — f ()P’ (0) - 1|2 df < limsup b, .
n—eo 271 koo

Theorem 9.3.15 The following are equivalent:

() peé&;
(i) lim,_co sups; bux = 0.



214 Orthogonal Polynomials on the Unit Circle
Theorem 9.3.16 The following are equivalent:

(i) ueN;
(ii) 1im,_e infis| bpux = 0.

As a simple consequence one has & ¢ N (Rakhmanov’s theorem). Moreover, a quantitative
version of this relation was proved by Denisov (2004):

1/2
lim sup |a, ()] < 2V2 [1 - mz(Q)] ? (9.3.23)
where Q = {0 € [-x, 7] ' (0) > 0}, and m(Q) is its normalized Lebesgue measure.
The next result is also due to Mété, Nevai, and Totik (1987b).
Theorem 9.3.17 Let u € . Then
lim f 16a(OPK' ()~ 1] d6 = 0. (9.3.24)

Moreover,
tim [ (6,0 - NF@) do=0

if and only if u is absolutely continuous.

Later on, Khruschev (2001) showed that (9.3.24) in fact characterizes the class &, and
suggested another characteristic property, namely

Ve
1 )
lim = [ (6P @] do=1 forallo<a<1.
n—oo 271

There is another characterization of the Nevai class (Maté, Nevai, and Totik, 1987a).

Theorem 9.3.18 Letu e N.Then

i g IF
1m max ST WEN S
n—eo <t Yo 1ok (2)]

Moreover, if the latter relation holds at least at one point zp € D then u € N.

One of the most important results due to Mété, Nevai, and Totik (1987a) is the so-called
comparative asymptotics outside the Szegg class.

Theorem 9.3.19 Let u € &. Suppose
v=2gu, 20, fgdu= 1,

and there is a polynomial Q so that Qg*' € L™ (). Then uniformly for z, w in compact subsets
of D we have
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(1) lim ¢ZZ( = ——f—lo g({)dG]—D(z, h;
n—oo ¢ (

(2) lim M = D(w g“)D(z g_l)'
n—>°°K*(z, W 1) ’ e

ke 1
(3) lim :((;; = ex [_E f 1ogg(g)de].

-

Moreover,
lim f |¢u(¢: YD, 8) — u(C: )| 18 dB = 0.

We now come to Rakhmanov’s class, and give a characterization due to Khruschev (2001).
We say that a sequence of Verblunsky coefficients obeys the Maté—Nevai condition if for
each fixed k € N,

lim @, (1)) = 0. (9.3.25)

Let us also introduce the probability measures

2
19,0 ] de. (9.3.26)

dv,
‘T [|¢n+k(4>|
Theorem 9.3.20 The following are equivalent:

(i) pueR;

(i1) the Maté—Nevai condition holds for a,, (),
(iii) vnx converges weakly to the normalized Lebesgue measure as n — oo for all k € N;
(iv) uniformly on compact subsets of D, we have

— =1 (9.3.27)

It is obvious from this theorem that N' C R. It is also easy to manufacture examples of
measures off the Nevai class which obey (9.3.25). Indeed, these are measures with sparse
Verblunsky coefficients. Furthermore, the Rakhmanov measures which do not belong to the
Nevai class are necessarily singular (Khruschev, 2001, Corollary 2.6).

Relation (9.3.27) is known as the ratio asymptotics of OPUC. As a matter of fact, there
is a way to describe all possible limits for the ratio in (9.3.27). The result below is due to
Khruschev (2002) and Barrios and Lépez (1999).

Theorem 9.3.21 Suppose

1@

=G 9.3.28
AN 0329
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exists uniformly on compact subsets of D. Then either G = 1 or

1+ A7+ V(1 = A2)? + 4422z

G(2) = Gaalz) = 5

hold for some A € T and a € (0, 1]. Equation (9.3.28) holds with G = G, if and only if a,(1)
obeys the Lopez condition

. o
lim |o,| = @, lim —*

n—oo n—e @,

Y (9.3.29)

In this case the essential support of u is a closed subinterval of [—-n,n], and (9.3.28) holds
uniformly on compact subsets of C\ exp{supp u}.

The following extension of the above result, which can be viewed as the relative ratio
asymptotics, is in Golinskii and Zlatos (2007).

Theorem 9.3.22 Let y and v be two nontrivial probability measures on T. Let {a,(u)} and
{a,(v)}, respectively, be their Verblunsky coefficients, and let @} (1) and @, (v), respectively,
be their reverse monic orthogonal polynomials. Then

PE@H 0,y

9.3.30
oEn | O 0330

uniformly on compact subsets of D as n — oo if and only if for any k € N,
lim [, ()@, (u) — a,(Va,_ ()] = 0. (9.3.31)

A closely related subject is the description of all possible limits in the Rakhmanov condition
(9.3.22). A comprehensive study of this problem is in Khruschev (2002).

We conclude with a theorem of Bello and Lépez (1998), which is analogous to Rakhmanov’s
theorem (& € N) but for any arc. Define

0, = 2arcsin(a), O<a<, (9.3.32)
so0 <6, <m ForAeT welet
Loa =1 € T: |arg(A0)] > 6,}. (9.3.33)
Theorem 9.3.23  Let exp{supp(u)} = T'y1and i > 0 a.e. Then
lim Ja, )l =@, lim @1 (an@) = al’, (9.3.34)

An essential extension of this result due to Simon (2004b, Theorem 13.4.4) claims that supp
can be relaxed to ess supp.
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9.4 Zeros of OPUC

The structure of the zero sets for OPUC is another fascinating topic of the theory. Given
a nontrivial probability measure u, denote by Z,(u) = {zjn}?zl the zero set for the monic
orthogonal polynomial @, (u):

(Dn(z,/,l) = l_l(z - Zjn)a |Znn| < |Zn—1,n| <0 < |Zl,n|'
j=1
As we have already seen, Z,(u) € D. Conversely, the following analogue of Wendroff’s theo-
rem was proved by Geronimus (1946).

Theorem 9.4.1 Let &, be any monic polynomial of degree n which has all its zeros inside D.
Then m, = ®,(u) is a monic orthogonal polynomial for some u € P. Moreover, if u and v are
any two such measures, we have

(i) () =D;(v), j=0,1,...,n;
(i) ajw) =a;(»),j=0,1,...,n-1;
(i) pj(u) =p;(»), j=0,1,...,n.

It is clear that, unlike the case of orthogonal polynomials on the real line, the zeros need not
be simple. The free case (du = dm = %, the normalized Lebesgue measure on [—7, 71]), where
®;(z,dm) = 2/, illustrates this situation. Note also that the explicit measure in Theorem 9.4.1
can be easily constructed. Namely, the Bernstein—Szegd measure

o= L do
[7a (O

is one, which satisfies a;(c) = 0, j > n.
The fact that Z,(u) c D reflects the following quite general situation (Fejér, 1922).

Theorem 9.4.2 (Fejér’s theorem) Let u be a nontrivial probability measure on C so that
flzl"du(z) <oo, k=0,1,...,2n—1.

Let @, be the monic polynomial of degree n orthogonal to {1,...,7"" '} in L*(C,u). Then all
of the zeros of ©, lie in the convex hull of supp(u). Suppose further that supp(u) is compact.
Then no extreme point of the hull is a zero, and if support does not lie in the straight line, all
zeros lie in the interior of the convex hull.

Fejér’s theorem is optimal in the following sense. For the unit circle, ®,(z) = z—adp = z—
has its zero at j1;. But fK { du runs through a dense set of the convex hull of K as u runs through
all probability measures on K.

If supp(u) c T, the interior of the convex hull is a subset of D, so the zeros of @, lie in D.
If supp(w) is a proper subset of T, then Fejér’s theorem gives more information. For example,
if o € T and d = dist(y, supp(u)) > 0, then a little geometry shows that the distance of zeros
of @, from ¢ is at least d?/2.
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Here is the result by Denisov—Simon (Simon, 2004a, Theorem 1.7.20) which provides some
information about the zeros near isolated points of support.

Theorem 9.4.3 Let u and @, be as in the above theorem, and {y be an isolated point of
supp(u). Let T = supp(u)\{{o} and ch(I) its convex hull. Suppose

§ = dist(¢p, ch(I)) > 0.

Then ®,, has at most one zero in {|z — {o| < 8/3}. In particular, if u is supported on T and
d = dist({y, ') > 0, there is at most one zero in the circle of radius d?/6 about {o-

If i is an even measure with support {0} U [1,2] U [-2, —1], one can show that for n large
enough and even, P, has two zeros near 0. Thus, it is not enough that ; be isolated from TI’; it
must be isolated from ch(I').

If supp(u) = T, the zeros of @, may stay away from the support (take, for example, du =
dm). But when this set is a proper subset of the unit circle, it attracts zeros in the following
sense (see Simon, 2004a, Theorems 8.1.11 and 8.1.12).

Theorem 9.4.4 Suppose ¢ is an isolated point of supp(u). Then for any 6 > 0, there is N
so {|z— ol < O} has exactly one zero of @, for n > Ny. If this zero is called z,, there is an a > 0
so for all large enough n, |z, — {o| < e™".

Theorem 9.4.5 Let supp(n) # T, and oy be a nonisolated point of supp(u). Then for each
0>0,

Bz: Iz =l <6, Dy(2) =0} = 0, n— oo,

The following question arises naturally: Is possible that a bulk of zeros still stay away from
the support in the latter case? A negative answer was given by Widom (1967).

Theorem 9.4.6 (Widom’s zero theorem) Let suppu # T. Then, for any compact set K ¢ D,
there is a positive integer ng, so that for each j € N,

#z: z€ K, ®j(z) = 0} < ng.
Here is another theorem on zeros of OPUC, which appeared in Alfaro and Vigil (1988).

Theorem 9.4.7 (Alfaro—Vigil theorem) Let {z,})", be a sequence of numbers in D. Then
there exists a unique nontrivial probability measure p on [—n, ] with ©,(z,, 1) = 0.

Alfaro and Vigil were answering the following question from P. Turdn (Turdn, 1980): Can
the set Zo,(u) = U,Z,(u) of all zeros of the ®, be dense in D? The answer is clearly yes,
and follows from this theorem. Such measures are called Turdn measures. It is proved in
Khruschev (2003) that there are absolutely continuous Turan measures with p” a C* function.
This is especially interesting since if 4’ is real analytic and nonvanishing then Z.,(u) # D (see
below).

It is known (Saff and Totik, 1992) that zeros of ®,(u) cluster to supp(u) as long as this set
is a proper subset of the whole circle. The situation changes dramatically if supp(u) = T (see,
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for example, du = dm). By the Alfaro—Vigil theorem, zeros of @, can cluster to all points of
D. Denote by

Z,(u) := {z € D: liminf,_, dist(z, Z,) = 0}

the set of limit points for the zeros of all ®, (weakly attracting points). Let Z,, = {Z,,(u)}, be
the class of all such point sets. So D € Z,. It turns out that Z,, is rich enough. More precisely,
each compact subset K of D belongs to Z,,, and the same is true if K D T (Simon and Totik,
2005, Theorem 4). On the other hand, K = [1/2, 1] is not in Z,,,.

Similarly, denote by

Z(u) := |z € D: lim,_ dist(z, Z,) = 0}

the point set of strongly attracting points, and Z; the class of all such point sets. The structure
of the latter is quite different from that of Z,,. For instance, it is proved in Alfaro et al. (2005)
that if 0 € Z,(u) for some measure u, then Z (1) is at most a countable set which converges to
the origin. So the disk {|z] < 1/2} is not in Z;.

A significant generalization of the Alfaro—Vigil theorem is due to Simon and Totik (2005).

Theorem 9.4.8 For an arbitrary sequence of points {z} in D and an arbitrary sequence of
positive integers 0 < m; < mp < --- , there exists a measure y on [—n, | such that

(Dmk(Zj,/J)ZO, jzmk_|+1,...,mk.

The following consequence of this result is surprising. Given a measure y, consider the
sequence {v,(1)},>1 of normalized counting measures for zeros of @, that is,
l(Z jn)

Suppvy =Zy,  Valzju} = n 9.4.1)

with I(z;,) equal to the multiplicity of the zero zj,. Let M_.(D) be a space of probability
measures on D endowed with the weak* topology. A measure y is called universal if for each
o € M. (D) there is a sequence of indices n; such that vy, () converges to o~ as j — o0 in
the weak* topology. The existence of universal measures is proved in Simon and Totik (2005,
Corollary 3).

A remarkable theorem of Mhaskar and Saff (1990) provides some information about the
limit points (in the space M, (D)) of the sequence of counting measures of zeros associated
with a measure u in the case when Verblunsky coefficients tend to zero fast enough.

Theorem 9.4.9 (Mhaskar—Saff theorem) Let

1
A= limsup |, (* = lim |a, @] . (9.4.2)
j—>oo

n—oo
Suppose that either A < 1, or A = 1 and Z_’,’-;é la;(| = o(n) as n — oco. Then {v,, (1)}

converges to the uniform measure on the circle of radius A.

A crucial feature of the Mhaskar—Saff theorem is its universality. Under its assumption the
angular distribution is the same. To get certain quantitative bounds on the distance between
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zeros, Simon studied various more stringent conditions, and among them the so-called
Barrios—-Lopez—Saff condition

@,(u) = Cb" + O((bA)"), C eC\{0}, 0<Db,A< 1. (9.4.3)
The following result is proved in Simon (20006).

Theorem 9.4.10 Under assumption (9.4.3) there is a bounded number J of “spurious” zeros
of ®,(w) for all large n. Furthermore, for j=1,2,...,n—J let

— 0, — —
Zjn = |Zjn|e ", O = ®0n < ®1n < e < ®n—.l,n < 27T = ®n—J+1,n

be the other zeros. Then the following limit relations hold:

1
sup |lz;ul — | = o(ﬂ), 7 — oo (9.4.4)
1<j<n-J n
2r
sup 1|01, -0, — —|=o0(l), n— oo (9.4.5)
1<j<n-J n
el 1
M=1+0( ) n— oo, (9.4.6)
|2 jn] nlogn

Note that (9.4.5)—(9.4.6) imply lim,, n|z 41, —2,| = 2mnb. Amazingly, the spurious zeros also
follow the clock pattern!
Simon (2005a) treats the more general case

an(p) = Z Cre™ " + O((bAYY).
k=1
The value A (9.4.2) is tightly related to some other characteristics in OPUC theory. Define
the following “radii”:

e R(D™")is the radius of convergence of the Taylor series for the inverse Szegd function D!
about the origin, if u; = 0 and the Szegd condition holds, and R(D™") = 1 otherwise;
® R* =sup{r: sup, ., |P"(z, )| < co}, if the Szegd condition holds, and R* = 1 otherwise.

Let N,(r) be a number of zeros of ®,(u) in {r < |z| < 1}. Define the Nevai—Totik radius Rt
by
Ryt = inf{r: N,(r) = O(1), n — oo},

The next result is proved in Nevai and Totik (1989).

Theorem 9.4.11 (Nevai—Totik theorem) For an arbitrary measure u the following equalities

hold:

. 1 1 1
A= lll;ln_)S;lp |Qn(ll)|" = RNT = m = F (947)

If A < 1, then ¢} — D" uniformly on compact subsets of {z: |z| < A7'}.
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9.5 CMYV Matrices — Unitary Analogues of Jacobi Matrices

One of the key tools in the case of the real line, especially in perturbation theory, is the
realization of a measure o as the spectral measure of the Jacobi matrix, which comes in as a
matrix of multiplication by x on L2 (R). Of course, in the OPUC case, u is the spectral measure
of multiplication by { on Lﬁ(T). That alone is not enough because Lﬁ (T) is pu-dependent, and
we cannot connect different u. What we need is a suitable matrix representation; in other
words, we need to choose a convenient orthonormal basis. There is an “obvious” set to try,
namely, {¢,(u)}, but the corresponding matrix, called the GGT matrix in Simon (2004a), has
two defects. First, a fundamental theorem by Szeg6—Kolmogorov—Krein states that {¢, (1)} is
a basis (complete, orthonormal system) if and only if u is outside the Szegd class, that is,
logy’ ¢ L', or equivalently, 3% |a,(u)I* = co, and if it is not, the matrix G = (L, dn)ll
is not unitary. Second, even if it is, the matrix G is not of finite width measured from the
diagonal.

One of the most interesting developments in the theory of OPUC in recent years is the
discovery by Cantero, Moral, and Velazquez (2003) of a matrix realization for multiplication
by ¢ = ¢? on Lﬁ(T) which is of finite band size (that is, ({xm,Xn)y = 0 if [m —n| > k for
some k); in this case, k = 2 is to be compared with k = 1 for the Jacobi matrices, which
correspond to the real line case. The CMYV basis {y,} is obtained by orthonormalizing the
sequence 1,Z,¢7", 22,072, ..., and the matrix

C) = ”Cn,m”,o,,o,n:()a Cnm = (é)(mJ(n);u

called the CMV matrix, is unitary and pentadiagonal. Remarkably, the y can be expressed in
terms of ¢ and ¢* by

X2n(2) = 27"$5,(2)s  x2n41(2) = 2 "P2011(2), nEZy,
and the matrix entries in terms of @ and p:
C=ILM, 9.5.1)

where £, M are 2 x 2 block diagonal matrices

L=000, 0;,d---, M=100,060:0"--, 9.5.2)
with
@,:(“1 pf), JjE€Z, ... 9.5.3)
W T

(the first block of M is 1 x 1). By Cy we will denote the CMV matrix for the Lebesgue
measure % df. For an exhaustive exposition of the theory of CMV matrices see Simon (2004a,
Chapter 4) and Simon (2007a).
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Expanding out the matrix product (9.5.1)—(9.5.3) is rather laborious and leads to a quite
rigid structure

* * +
+ * *
* * * +
Cu) = + * * * 9.5.4)
* * * +
+ * * *

where + represents strictly positive entries, and * generally nonzero ones. The entries marked
+ and called the exposed entries of the CMV matrix are precisely (2, 1) and those of the form
2j-1,2j+ 1)and (2j + 2,2j) with j € N. Matrices of the form (9.5.4) are said to have
CMV shape. Naturally, CMV matrices have CMV shape, and, what is more to the point, any
unitary matrix (9.5.4) is actually a CMV matrix (9.5.1)—(9.5.3). Matrices (9.5.4) (of zigzag
pentadiagonal form) appeared first in Watkins (1993), who outlined the connection of such
matrices with OPUC.

Yet, expanding out (9.5.1)—(9.5.3) can be carried out, and explicit formulas for the matrix
entries ¢, in terms of the Verblunsky coefficients are available (cf. Golinskii, 2006). Let
24, =1 =(-1)" meZ,,and A_; = 1, so

{/lm}mzo = {09 1307 17 oo }9

An+ A1 =1, A1 =0, Ay = Apyr = (_l)mﬂ-

One has
Com = — U1, (9.5.5)
Cm+2m = PmPm+1Ams Cmms2 = PmPms1 Am1
and
Ctln = T 1PmAm = 1P Ams 1 (9.5.6)

Cmm+1 = am+1pm/lm+1 - am—lpm/lm-

Given an arbitrary sequence {@,} € D* one can construct a matrix C = C(a,) by (9.5.1)-
(9.5.3) (which generates a unitary operator in £2(N)), and make sure that a distinguished unit
vector ¢p = (1,0,0,...)" is eyclic, that is, finite linear combinations of {C"eo},~_.,
in £2(N). So, C is unitarily equivalent to the multiplication by £ on Lﬁ(T), 1 being a spectral
measure associated to C and eg.

are dense

Theorem 9.5.1 For an arbitrary sequence {a,} € D* a matrix C of (9.5.4)—(9.5.6) is the
CMYV matrix associated to the measure pu, that is, C takes the form (9.5.1)~(9.5.3) and «,, =

().
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Clearly, it is just as natural to take the ordered set 1,7, £, 272, %, ... inplace of 1, , 7!,
e 2 e =2,..., and come to what is called the alternate CMV basis {x,} and the alternate CMV
representation

Gij(u) = (&xj, Xi)y-

As it turns out, C is just the transpose of C.

To state the analogue of Stone’s self-adjoint cyclic model theorem, consider a cyclic unitary
model, that is, a unitary operator U on a separable Hilbert space H with dim H = oo, along
with a cyclic unit vector vy. Two cyclic unitary models (H, U, vy) and (7:( ,U,¥) are called
equivalent if there is a unitary W form % onto  so that

WUW™ =0T, Wy =T.
Theorem 9.5.2 Each cyclic unitary model is equivalent to a unique CMV model (¢*(N), C, ey).

There is an important relation between CMV matrices and monic orthogonal polynomials
akin to the well-known property of orthogonal polynomials on the real line:

®,(z) = det(zl, — C™), 9.5.7)

where C™ is the principal n X n block of C. Note that C™ is no more a unitary matrix. As
a matter of fact, it is quite close to unitary in the sense that C™ is a contraction with one-
dimensional defect. So its eigenvalues (zeros of monic orthogonal polynomial @,,) are inside
the disk.

There is another property of CMV matrices similar to the well-known property of Jacobi
matrices. Given ¢ € T, let

y = {Vn};io = {Xn((o)}zozo

Then Cv = {ov, which means 3’ ; ¢ jv; = {ovi for all k (because of the pentadiagonal structure
of C this sum always makes sense). In general, v ¢ £2, but if it is, then £y = ¢ is an eigenvalue
of C, or equivalently, 6y is a mass point of the measure u (cf. (9.3.11)). Furthermore, we have
the following theorem.

Theorem 9.5.3 Let v ¢ €2 but liminf |¢,({o)|'" < 1. Then ¢y € o(C) and it is a nonisolated
point of the support of u.

There is an explicit formula for the resolvent of the CMV matrix C in the CMV basis. It
has already proved useful in some applications of CMV matrices (see Golinskii, 2006). By
the spectral theorem,

(C—z);) = f % du(6).

-
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Let ¢, and ¢, be orthonormal polynomials of the first and second kind, respectively, and F
the Carathéodory function. Define

(@) = THF@pu(@) + Y@, pau-1(2) = 7N F @y (2) = ¥y D).
m(2) = X F(@$5(2) = 452, M1 (2) = 2N (F()Pouo1(2) + Y1 (2)).
The following result is in Simon (2004a, Theorem 4.4.1).
Theorem 9.5.4 ForzeD,

_ Q) " Wa@pmz), m>n,
C—zD) N = 9.5.8
(e==h] {(2z>-17rn(z)xm(z), n>m, 0>
and
[(C = 2D Tan-120-1 = 22) X 20-1(@)P201(2),

. » (9.5.9)
[(C - ZI) ]2n,Zn = (ZZ) Tton (Z)x2n (Z)
9.6 Differential Equations

This section is based on Ismail and Witte (2001). It will be assumed that u is absolutely
continuous, that is, the orthogonality relation becomes

—_— d
f ¢m<£)¢n<§>w@>§ = S ©6.1)
[¢1=1 ’
Following the notation in Section 2.8, we set
w(z) =@, (9.6.2)

and assume that w(z) is differentiable in a neighborhood of the unit circle, has moments of all

integral orders, and the integrals
V'(2) —V'(£)
[ =m0

¢ i
Ig1=1
exist for all integers n. Let
_  Kn-1 o Kni V(2) V(&)
An(z) =n P + l¢"(0)zg|f1 =< PO OW() d, (9.6.3)
L [re—vw
For future reference we note that Ay = By = 0 and
A = 11— 0@ - DD ), 9.6.5)
$1(0)
Bi@ = '@ - 29 v, (9.6.6)

$1(0)
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where M| is defined by

’ Ly d
M) = f g%z@w@)i—é 9.6.7)
1g1=1

Theorem 9.6.1 Under the above stated assumptions on w, the corresponding orthonormal
polynomials satisfy the differential relation

¢;1(Z) = An(Z)¢n—l(Z) - Bn(Z)QSn(Z)' (9.6.8)
Define differential operators L, ; and L, by

d
L, = — + B,(2), (9.6.9)
dz

and

d An—l (Z)Kn—l An—l (Z)Kn(ﬁnfl (0)
L,,=———-B,_1(2) + + . 9.6.10
2 dZ 1( ) Kn-2 Kn—2¢n(0) ( )
Then the operators L, | and L, , are annihilation and creation operators in the sense that they

satisfy

Ln,1¢n(z) = A (@D)Pn-1(2),
_ An—l (Z) ¢n—l (O)Kn—l (961 1)
Ln,2¢n—l (Z) - z ¢n (O)anz ¢n (Z)

This establishes the second-order differential equation

1 Ap-1(2) Pu-1(0)ky—1
Ly, n, n 1 (2). 9.6.12
(Ano 1)¢ @ == e @ ©6.12)

Note that, unlike for polynomials orthogonal on the line, L, , is not related to L, .
When v(z) is a meromorphic function in the unit disk then the following functional equation
holds:
n— An— n n— 0 1- ,
B, + B, - LAt 6@ T o (9.6.13)
Kp—2 2 Kn—2 ¢n(0) Z

Using (9.6.13) we simplify the expanded form of (9.6.12) to

” A;l ’ n—1 ’
¢n _{_+V(Z)+T}¢n

A,
Y B A, Kn—l An—an Kn ¢n71(0)
+4B, - + B,B,_1 — - — A,.1B, 9.6.14
{ An : Kn-2 Z Kn-2 ¢n(0) ! ( )
n— n— O Aﬂ* Aﬂ
4 Kot $n-1(0) Ap—y } by = 0.
Kn-2 ¢n(0) Z
Recall that the zeros of the polynomial ¢,(z) are denoted by {z;,},. <n and are confined
within the unit circle |z] < 1. One can construct a real function |T (zy,, ..., Zu,)| from
e V@)
T (Zlm ey Znn) Z_n+l Zjn — an s (9615)
l_[ Au(zjn) IJ;Ln

such that the zeros are given by the stationary points of this function.
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This function has the interpretation of being the total energy function for n mobile unit
charges in the unit disk interacting with a one-body confining potential, v(z) + In A,(z), an
attractive logarithmic potential with a charge n — 1 at the origin, (n — 1)Inz, and repulsive
logarithmic two-body potentials, —In (z; — z;), between pairs of charges. However, all the
stationary points are saddle points, a natural consequence of analyticity in the unit disk.

For more details and examples we refer the interested reader to Ismail (2005b, Chapter 8).

9.7 Examples of OPUC

In this section a number of examples are discussed, most of which are “exactly soluble” in
the sense that there are explicit formulas for both moments and Verblunsky coefficients and,
in most cases there are also explicit formulas for the actual orthogonal polynomials. A nice
collection of examples is in Simon (2004a, Chapter 1.6); see also Ismail (2005b, Chapters 8
and 17).

Example 9.7.1 (Free case) Letu = ﬁ d@; then for the moments, Verblunsky coefficients,
and orthogonal polynomials we have, respectively,

Mn = 6n05 @y = 07 (Dn = ¢n = Zn, ne Z+.
In this case ¢, = 1 for all n, so the Szeg6 function D(z,dm) = 1.

Example 9.7.2 (Bernstein—Szegd measures and polynomials) Let 7 be a positive trigono-
metric (Laurent) polynomial of degree n on T. By the Fejér—Riesz theorem there is a unique
algebraic polynomial p, of degree n with a positive leading coefficient and all zeros inside
D so that T() = |p.(0)I>. The measures u = ¢T~'()dO, ¢ = € constitute the class of
Bernstein—Szegd measures, ¢ > 0 is a normalizing constant,
s
a1 do

2 J QR

The orthonormal polynomials and Verblunsky coefficients are

bz p) = V2 pu), aw) =0, k=nn+1,....

Since ¢; = ¢™'/2px, k > n, we have D(u) = c (p})~".
An important particular case is pi(z) =z — W, w € D. Now ¢ = 1 — |w]%,

k _ k-1 2 2
75 —wz 1—w| V1=
bz ) = ——, du({) = ———=dm, D(z,pu)=-—"7"°".

,1—|W|2 [T —w{| 1-wz

The Verblunsky coeflicients are @g = w, @; = 0 for j > 1. The moments x; = w/ for j > 0 and

wj=wforn <0.

The Bernstein—Szegd measures had already arisen in Szegd’s work in the early 1920s
(Szegd, 1920, 1921). Translated to the real line, they were studied by Bernstein about 10
years later.
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Example 9.7.3 (Single nontrivial moment) This example goes back to Grenander and Szegd
(1958, Section 5.3).
Letu=11-¢ |2 and @, (u) be monic orthogonal polynomials that satisfy

Ve

chn({)g‘f'(z—g—(l)de:o, j=0,1,....,n—1.

-

If
Oz, ) = D finds  fun =1,
k=0

we come to a simple boundary value problem for the second-order difference equation

2ﬁm = ﬁcfl,n + ﬁﬁl,m k=0,1,....,n—-1, f—l,n =0, fnn =1,
SO fin = (k+ D)(m+1)~', and

1
(2. p1) = - 1Z(k+1)z, ) = ———. neZi.
By (9.2.4),
n-l n+2
2 _ _ 2y _
D, ‘Q“ ) = 30T
SO
n n 2
_ k * _ _ k —
¢n(Z,u)—knkZ:(;(k+l)z, ¢n(z,u)—knk§(n k+ D, k, ‘/—(n+1)(n+2)’
and
_ o - V2
D = e = VB 32 < 7

k=0
initially in the sense of Taylor coefficients, but then using the Szegé limit theorem, on all of
D. The Szeg6 function is D(z,u) = (1 — 2)/V2.
The general case u = |1 —r{J? 2”(‘119“2), 0 < r <1 can be handled in the same way (cf. Simon,

2004a, Example 1.6.4). For instance,

—-1

r—r
a"(”) = _r—n—Z — pnt2
so a, decays exponentially,
—k—l _ rk+l
(2, 1) = dez d =
d, k=0 re=r

the Szegd function is D(z, u) = (1 + r>)"'2(1 = rz).
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Example 9.7.4 (Circular Jacobi polynomials) Let u = w({) d6 with

2
W) = I“(a+1)

= 9T D e a1
a4 @

which for @ = 1 is Example 9.7.3. Now the orthogonal polynomials are expressed in terms of
the hypergeometric function

(@)

Ou(z, ) = ———=Fi(-n,a+ 1;-n+1-a;2), (@, =ala+1)...(a+n-1),

Vn!Q2a + 1),

and the Verblunsky coefficients are

nez,.

a’n(ﬂ) ==

n+a+1’

Example 9.7.5 (Rogers—Szeg6 polynomials) The example is from Szegd (1926) and the
name comes from earlier consideration of Rogers (1894, 1895). Ismail (2005b) has a whole
Chapter 17 on this example (see also Simon, 2004a, Example 1.6.5). This class of polynomials
is parametrized by a number ¢ € (0, 1) (although the extension to g € D is easy). The weight
function is a “wrapped Gaussian.” Let

1
g=¢"“ a=log—>0.
q

The Gaussian measure on the real line of variance a is given by
dv,(x) = (27ra)_l/ze_x2/2“ dx.

The wrapped Gaussian measure on [—r, 7] is defined by

1= (g, 0) =vg(0)dh,  vy(e?) = \/21_ Z ¢~ 02072, 9.7.1)
na =,

It is a matter of direct calculation to find the moments x,, = q”z/ 2,

Identifying the orthogonal polynomials depends on the use of g-binomial coefficients de-
fined by

n (1], 2 n
= —(1=g)1=g)---(1=g". [0], = 1.
Hq[mmqh [nly = (1= )1 =g (1 = ¢"), 0],

The monic orthogonal with respect to the wrapped Gaussian measure (9.7.1) polynomials,
known as the Rogers—Szegb polynomials, are

(2 0) = ) (=1 H q" I, 9.7.2)
J=0 J q

SO

an(p) = (=1)"g"™ V2D, = [n],.
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The Szegd function is now
(o9

D(z,p) = 1_[(1 _ qj)l/z l—[(l + qu+l/2)'

J=1 J=0

An amazing property of zeros of the Rogers—Szegd polynomials (9.7.2) is proved in Mazel,
Geronimo, and Hayes (1990): all of them have their zeros on the same circle |z] = q” 2,

Example 9.7.6 (Geronimus measures and polynomials) This example is perhaps the most
notable example of a measure outside the Szegd class. In this (and the next) examples it is
more convenient to view a measure as one supported on the unit circle T.

The Geronimus polynomials are those associated with constant Verblunsky coefficients
a, = a, € D\{0}. By Verblunsky’s theorem (see Section 9.8) the corresponding measure
HUa, called the Geronimus measure, is uniquely determined. The measures and polynomials
appeared in Geronimus (1977), and have been extensively studied over the past fifteen years
(see Simon, 2004a, Example 1.6.12).

The Szeg6 recurrence relations (9.2.9) for orthonormal Geronimus polynomials and their
reverse take the form

%@1 n F] ! 2 -a
* =T (Z’ O,/) > T(Z7 CZ) = . (973)
[fﬁn(l) 1 JI—laf -z 1

It is not hard now to derive the expressions for Geronimus polynomials and their reverse.
Denote by r;, the eigenvalues of matrix 7" (cf. (9.7.3)), which are the roots of characteristic
equation

2 Z+1

re - r+z=0, p=+1-|a?,

SO

212G+ 1?2 -4z z+1+c-L)G-4D 9.7.4)

2p 2p

rip(z) =

with £; = € and sin% = la|, 0 < 7 < «, and the branch of the square root is taken so that
r2(0) = 0. It is clear that the spectrum of 7 depends only on |a|. Define a circular arc A;
closely related to 7 by

Ar={l=e" 1<t<2n—1) 9.7.5)

s0
()l <1 <Ir@)l, zeC\Ag IOl =1r@l =1, (€A,

and r| = r, only at the endpoints of A;. It follows from (9.7.3) that

z—ari—nr r?‘l —rg‘"
, = - 9.7.6
Onlespi) = =2 a2 9.7.6)
1= 7 rn—l _ rn—]
Baty) = — L2 ] 2 9.7.7)

p ri—n r—rnr
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There is another expression for Geronimus polynomials which holds on the arc A;. Indeed,
for ¢ € A,

u et t T t i . cos £
ria(e”) = cos = £i4/cos?2 = —cos? = [ =e'Z(cosA+£isind), cosd= =5
ol 2 2 2 oS 3

0 < A <, so one has

g .1
. (e —ae™2
¢n(e”,#a) =e"2 (

U,-1(cos 1) — U,_»(cos /l)) R

where Uy, are the Chebyshev polynomials of the second kind. In particular, there is a bound
for Geronimus polynomials on A,

Ipn(Zs o)l < Cl@)min(n, v (), (@) = @=Lz =), neZ,

and hence they are uniformly bounded inside the arc A, and

. ir_ = —i%
(7] = (—“ o ° 5 l)nil . (9.7.8)
P

It is clear from the definition that the second kind measures and polynomials are also Geron-
imus measures and polynomials for the parameter —a, so for y,(z, o), ¥ (2, ite) the same
formulas as (9.7.6) hold.

The Carathéodory function (9.2.18) can be now computed explicitly

220z -1+ G- @ - oy l+a
F(z,ue) =1+ TroG-2 , p=e " Tra (9.7.9)

Thus there is at most one mass point at {g ¢ A, and the actual value of this mass can be found
from (9.2.23) and (9.7.9):

2 12 1 1
r {@}:{Il‘miz (le 4 =4)- s>

1
0, |C¥+§|§

(9.7.10)

[STE ST

As follows from (9.7.9), the measure p, is supported on A, along with a possible mass

point at g, and p, = u;, dm with
2T _ 21
L/cos 3 —cos? 5

1+« sin%g '

(e = e e A,.

Example 9.7.7 (Perturbed Geronimus measures) A measure y is called a perturbed Geron-
imus measure if

lima,(u) =, 0<le|<1. (9.7.11)

n—oo

The following fundamental result about such measures is due to Geronimus (1941).
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Theorem 9.7.8 Let u be a perturbed Geronimus measure. Then A; (cf. (9.7.5)) belongs to
the support of u, and the part of the support outside A, is at most a countable point set which
can accumulate only to the endpoints of A;.

Much more can be said about y as long as some additional assumptions are imposed upon
the rate of convergence in (9.7.11). The following results are in Golinskii, Nevai, and Van
Assche (1995).

Theorem 9.7.9  Let i1 be a perturbed Geronimus measure.

() If {an(u) — o} € €' then u is absolutely continuous inside A, and 1/’ € L°(A) for any
interior closed arc A C A,.

(i) If {log n(a,(u) — a)} € €' then u satisfies the Szegd condition for the arc
|log i/ ()|

——————dm
el

@aii) If {n(a,(n) — @)} € £', then w is absolutely continuous on the whole A, and y'({) >
Cl& =&l = ¢ ae.on A,

00,

The bounds for perturbed Geronimus polynomials are also available.
Theorem 9.7.10  Let {¢,,} be perturbed Geronimus polynomials. If {a, (1) — a} € €', then

sup max|g, (£ = C(4) < oo

for any interior closed arc A C A;. If {n(a,(u) — @)} € €', then

¢ (L, 1)l
sup max —=——- < oo,
n

n {€hq
Equation (9.7.8) shows that the latter bound is optimal.
The following result (Golinskii, 2000) provides a sufficient condition for the perturbed
Geronimus measure to have finitely many mass points outside A;.

Theorem 9.7.11 The portion of the support of p outside A is a finite set as long as {n(a, (u)—
a)) et

9.8 Modification of Measures

By Verblunsky’s theorem each transformation in the class of nontrivial probability measures
on [—m, ] gives rise to a certain transformation in the space D* of the Verblunsky coeffi-
cients and vice versa. We consider here the simplest such transformations when the explicit
expressions are available. Again we will deal with measures on T rather than on [—r, 7r].
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Let S be a Borel transformation of T into itself. Such a transformation acts in the space
of measures by Su = us, us(E) = u(S~'E). A key role is played by the change of variables
formula

f W) dys = f H(S () d.

T T

9.8.1 Rotation of the Circle and Parameters
Let A € Tand S({) = AZ. It is clear that

(2, pis) = 1"Oy(Az, 1), @nlpis) = 17" ()

for the monic orthogonal polynomials and Verblunsky coefficients, respectively. For the Cara-
théodory functions one has F(z, us) = F(Az, ).

Conversely, the rotation of parameters leads to Aleksandrov measures {u,} e With @, (1)) =
Aa,. The second kind measure is included in the family with 4 = —1. The rotation a,, — Aa,
can be viewed as a change of boundary conditions since (cf. (9.2.7))

(Dn /I(Z) 1
- = Tn -1, 9.8.1
[ 10| = 7193 (9.8.1)
where @, are monic orthogonal polynomials for y,. Since the space of solutions of (9.2.6)
is 2-dimensional, any solution can be written in terms of @ and ¥:

20,,(2) = (1 + DD, (2) + (1 = VY, (2). (9.8.2)

For the corresponding Carathéodory functions one has
-+ +DF(z 1
( )+ ( At ), Fa@)=—. (9.8.3)
(1+2)+(1-DF(z) F(2)
It is sometimes advisable to study spectral properties of the entire family of Aleksandrov
measures. The following result is in Simon (2004a, Theorem 3.2.16).

Faz) =

Theorem 9.8.1 Let the Lebesgue decomposition for Aleksandrov measures be
duy = wa(Q)dm + dug .
Then

(1) pa have the same essential support, and {{: w,({) # 0} is a.e. independent of A.

(11) If supp(ui) N (Lo, £1) is a finite set, the same is true for supp(u,) N (o, {1) for each A.
(iii) The singular components s and py s are mutually singular for A # A’

There is another important property of Aleksandrov measures, known as the “spectral av-
eraging,” which states that roughly speaking the average of i, over A is always the Lebesgue
measure (Golinskii and Nevai, 2001). More precisely, for any Borel set B C T,

f,ug(B, )dm() = m(B).

T
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9.8.2 Sieved Measures and Polynomials

Let N > 2 be a positive integer, and S(0) = V. Now pg = u™

each of the arcs [}, {j+1] with

puts scaled copies of y on

;= expnij/N), j=0,1,...,N—1.

One can easily show that for Verblunsky coefficients,

Ny _ a(u), n=rN+N-1,
a’n(.u )= .
0, otherwise.

For the monic orthogonal polynomials one has
O,z u™") = 0. (z,p), n=rN+k, k=0,1,...,N—1.

The Carathéodory function is F(z, u™) = F(ZV, p).

A process in this example is known as sieving, and these @ are the sieved polynomials.
They were systematically discussed in Badkov (1987) and Ismail and Li (1992b).

We complete with a particular example of the Al-Salam—Carlitz g-polynomials on the unit
circle. Let

Uy (x9)
A"(x): n(n-1) 1

g T NG Dn
be orthonormal Al-Salam—Carlitz g-polynomials (see Section 6.7 of this volume). The or-
thogonality measure y is concentrated on two sequences {+¢’}, which converge to zero, and
is symmetric with respect to the origin: y{¢g’} = y{—¢’}. The three-term recurrence relation is

XA (X) = ap1 Ast (0) + @A, (), @ =q"' (1 —-q").

Going over first to the unit circle by the Szegdé mapping theorem we end up with u € P
+i6*
i}

concentrating on a discrete point set {e with cos 9;7' = +¢/, which has two limit points +1.

The corresponding Verblunsky coefficients are

an(@) =0, a1 =1-2¢"", keZ,.

9.8.3 Inserting Point Mass

There is an interesting problem of comparing Verblunsky coefficients and orthogonal poly-
nomials of two measures u and v. We consider here an obvious way of building v from u
by adding a mass point (finitely many mass points). Such a transformation is known as the
Jost—Kohn perturbation. Explicitly,

P
yv=tu+(-0o, 0<t<l, 0'=ij6({]-) (9.8.4)
=1
is a finite linear combination of pure point masses adjusted so that o~ is a probability measure.
Jost—Kohn theory for OPUC appeared in Golinskii (1966), Geronimus (1961), Cachafeiro
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and Marcellan (1988, 1993), Marcellan and Maroni (1992), and Peherstorfer and Steinbauer
(1999). In particular, the phenomenon discovered in Peherstorfer and Steinbauer (1999) says
that it can happen that adding a point mass to a case with @,(1) — a can result with a v
obeying a,(v) = a’ # a.
The relation between the Carathéodory functions is simple:
SR
F(z,v) = tFzu) + (1 t); k; s

For the case p = 1, v = v(¢, {}) the relation between orthogonal polynomials was obtained in
Geronimus (1961, formula (3.30)),

_ S(I)n(glaﬂ)Kn—l(Lgl;#) 5= t
1+ 8K, (&1 Gsp) 1-1

where K, is the Christoffel kernel (9.2.24). By using the complex conjugate of (9.2.29) we
have for z = 0,

D, (z,v) = Oplz, 1)

(9.8.5)

5D, 11 (L1, Kb (L1, 1)

@) =@l = K o) ©.8.6)
But
(@1 (1, 0] = |G Pu(G1 1) = GG 10)] < 2101 )]
SO
) — an(u] < 20140 9.8.7)

1+ sKy(&1, &)

Let us say that a class X of nontrivial probability measures on T is invariant with regard
to addition of the mass points if 4 € X implies v € X for all 0 < < 1 and ¢ € T. Clearly,
both Szegd and Erdos classes are invariant (the addition of a mass point does not affect the
absolutely continuous part of the measure). As a consequence of (9.8.7) and Theorem 9.3.18
one has a much more delicate result that the Nevai class is also invariant.

As far as the Rakhmanov class goes, the problem is still open. There is partial result in
this direction (Golinskii and Khrushchev, 2002) which claims that a proper subclass Ry € R,
which consists of measures u € R with sup, |a,(u)| < 1, is invariant with regard to addition of
the mass points.

9.8.4 Modification by a Rational Function

Let G be a rational function regular on T such that

f GOPdu@®) =1, ¢ =é".

Put v = |G|?u, also known as the Christoffel-Bargmann perturbation.
We start with the unit circle analogue of the Christoftel formula.
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Theorem 9.8.2 Let {¢,} be orthonormal with respect to u, and G, be a polynomial of
precise degree 2m such that

"G = 1Gam(DI, 1g] = 1.
Let ¢ = ¢pim- Define polynomials {£,} by

Gon(2)én(2) (9.8.8)
¢*(2) W@ e TR 6 @ - ")
¢ (1) @) - TN@) @) udk) - )
=97 (2)  wp () - BHT@) b)) nd) o Hd()
& (zom)  2m®"(Z2m) - ZZZIW (22m)  P(z2m)  2mP(z2m) - Zrznm‘p* (z2m)
where 21,22, . .., Zom are the zeros of Goy,.
For zeros of multiplicity r, r > 1, replace the corresponding rows in (9.8.8) by derivatives
of order 0, 1,...,r — 1 of the polynomials in the first row evaluated at that zero.

Then {¢,(2)} are orthogonal with respect to C |G, ()| du(9).
A similar result holds when G goes in the denominator.

Theorem 9.8.3 Let u, {¢,} be as in the above theorem. Let Hy, be a polynomial of precise
degree 2k such that

T H(O) = Hu1> 0, Kl =1,
and put ¢ = ¢,+r. Define a new system of polynomials {n,}, n = 2k,2k + 1,... by

7.(2) (9.8.9)
') W@ - e @ @@ - e
Lw1 (¢*) Lwl (z¢p*) - Lwl (Zk71¢*) Lwl (¢) Lw; (Z¢) ce Lw; (Zk¢)

= sz (¢*) sz (z¢p*) - sz (Zk7 ! ¢*) sz (¢) sz (Z¢) ce sz (Zk¢) ,

LW2k (¢*) LWZk (Z¢*) e LWZk (Zk_ ! ¢*) LWZk (¢) LWzk (Z¢) e LWZk (Zk¢)

where the zeros of Hy, are wi, wa, ..., Wy, and we define

L = du(0), T.
o) fp@)(g_ﬁ O, B¢

/8
For zeros of multiplicity h, h > 1, we replace the corresponding rows in the determinant
(9.8.9) by

Vg

R k
Lg<p>:=fp<§>( < )du(e), j=12 0k

& -py

-

acting on the first row.
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Under the above assumptions, for n > 2k, {n,(z)} are orthogonal with respect to

ClHy (™" dp.

A combination of Theorems 9.8.2 and 9.8.3 leads to the following result which covers the
modification by a rational function.

Theorem 9.8.4 Let y1, {¢,(2)}, Gom, Ho, and 21, . . ., Zom, Wi, . . ., Woi be as in Theorems 9.8.2
and 9.8.3. Let ¢ denote ¢pm—i and s = m + k. For n > 2k define ¢, by

Gon(DWn(2) (9.8.10)
" (2) 20" (2) e 2782 #(2) 2¢(2) e 2'P(2)
") ad @) - @) ¢@)  ue) - Zjé(a)
¢ (2) 20 () - () ¢ wd) o 5¢()
= ¢* (ZZm) ZZm¢* (ZZm) e Zé,_nl ¢* (ZZm) ¢ (ZZm) Z2m¢ (ZZm) e Z§m¢ (ZZm) 5
Lw. (¢¥) LWl (Z¢*) ce Lw| (ZS_1¢*) LWl (¢) LW| (Z¢) te LWl (ZS¢)
Ly, (¢ Ly, (z¢") -+ L,(@7'¢Y) L9 L, - Ly, @)
LW21< (¢*) LWZk (Z¢*) e LWZk (ZS_]¢*) LW21< (¢) LW21< (Z¢) e LWZk (Zs¢)

where we define

Ve

é’s
L = du(6), T.
5(p) fp@)(é,_ﬂ) o), B¢

-t

For zeros of Hyi of multiplicity h, h > 1, we replace the corresponding rows in the determinant
(9.8.10) by

Ve

L :=f ( & ) du(0), j=1,2,....h
5(P) P —p)" w(®, Jj

-

acting on the first row.

For zeros of G, of multiplicity h, h > 1, we replace the corresponding row in the determi-
nant (9.8.10) by the derivatives of order 0,1,2,...,h — 1 of the polynomials in the first row,
evaluated at that zero. (As usual, p’(z) = 2" p.(z7"), for W, a polynomial of degree r.)

Then {,} are orthogonal with respect to C|Ga,,/ Hai| du on the unit circle.

The results of this section are in Ismail and Ruedemann (1992), which contains explicit
formulas for certain polynomials. For earlier partial results see Golinskii (1958), Mikaelyan
(1978), and Godoy and Marcellan (1991).
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9.8.5 Bessel Transformations and Schur Flows

Throughout the rest of the section we will view a nontrivial probability measure y supported
on T. Define a family of measures which depends on parameter ¢ > 0 by

w0 = C0)e“ g, 0, Cc'= f D du(g, 0) (9.8.11)
T

is a normalizing factor. We refer to (9.8.11) as the Bessel transformation of the initial mea-
sure u = p(-,0). The main problem we deal with here is the dynamics of corresponding
orthogonal polynomials @,(:, ) and Verblunsky coefficients @, (u(?)) = a,().

As far as the polynomials go, the following result is proved in Golinskii (2006).

Theorem 9.8.5 The monic polynomials ®,(-,t) orthogonal with respect to u(t) (cf. (9.8.11))
satisfy the first-order differential equation

d _
E(Dn(Z, 1) =@ (2, 1) = (2 + (D1 (1)Dy(z,1) — (1 - |an—1(t)|2)q)n—l(17 D).

A comprehensive study of the asymptotic behavior of Verblunsky coefficients a,(f) for
each fixed n and ¢+ — oo is accomplished in Simon (2007b). Moreover, in Simon (2007b) the
asymptotics of the zeros {z j,n(t)}?zl of @, is examined, which yields the information about «,
via

a1 () = ) 2.0 9.8.12)

=1

The key tool is Theorem 9.1.2. As it turns out, the limit behavior of the @, depends heavily
on whether the point 1 belongs to the essential support of the initial measure p(Z, 0), that is,
any punctured neighborhood of 1 has nonempty intersection with the support of y, or not. The
former case is rather simple, and here is the result.

Theorem 9.8.6 Let 1 € supp. u. Then
limz;,(t) =1 forallneN, j=1,2,...,n implies lima,_(t) = (-1
t—00 t—o00

The latter case is much more complicated, and a complete picture is available only for the
case when p is symmetric (and then so are all u(¢)), and «,(¢) are real-valued functions. Now,
there exists a unique open arc ['() = (0, ®), ® = O(u) so that IO > 0 and

(i) its endpoints @, @ belong to the essential support of i, and 1 € I'(u);
(ii) the portion of supp u on I'(u) is at most a countable set of mass points { ,-}]jyz 1» N < oo,
with no limit points inside I'.

One can label ; so that R} > R > ---, and it is clear that this series of inequalities
cannot have two equality signs in a row. Specifically, R¢, = R, if and only if £, = Z,.

Theorem 9.8.7  Suppose that 1 ¢ supp, i, and I'(i1) has an infinity of mass points ;.
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(i) If 1 e supppy, then 1 = Ry > R = RG> RGy =Re > -+ and
,llglo ax(t) =1, ,llglo @41 (t) = =Rlonya, ne€Zy.
(i) If 1 ¢ supppu, then 1 > Ry = RE > KRG = Ry > -+ and
lim a5, (1) = Rt lim a1 () = -1, n€Z,.
Theorem 9.8.8  Suppose that 1 ¢ supp, 1, and I'(pr) has N < oo mass points ;.
1) If N=2m+ 1, then 1 € supppu,
1 =R >RH=REG > >Ry = Ry > RO)

and
lim ap,(t) = 1, nez,,
1—o00
lim au1(1) = _%§2n+29 n=0,1,....m-1,
—0o0

tlim @1() = =ROW), n=mm+1,....

(1) If N =2m, then 1 ¢ supp y,
1>RG=REH>RG=---> R = Ry > RO)

and
lim az,1(f) = =1, neZ,,
=00
lim ay,(t) = —%{2,”1, n=0,1,...,m-1,
t—o0

rlimaz,,(t) =ROW), n=mm+1,....

Some particular results for the general case are also obtained in Simon (2007b). For in-
stance, an example of a measure u with ®(u) = i and no mass points in I'(¢) is given for
which a(() has no limit as t — oo.

Note that the distinguished role of the point 1 is quite obvious: this is the only global
maximum for the function R¢ on T. If 1 is in the essential support, it attracts all zeros of all
polynomials @,. If 1 is an isolated mass point, it can attract only one zero by Theorem 9.4.4.
The behavior of other zeros is in general rather chaotic.

One can think of the Bessel transformation (9.8.11) as the unit circle analogue of a Toda-
type transformation from Theorem 2.5.3. Instead of Jacobi parameters and matrices the Verblun-
sky coeflicients @, () and CMV matrices C(¢) (9.5.1)—(9.5.3) appear on the central stage. So
(9.8.11) plays the same role in the theory of discrete integrable systems as the Toda transfor-
mation. The result below is in Golinskii (2006).

Theorem 9.8.9 (Schur flows) Let u(-, t) be a family of measures that depend on a real param-
eter t > 0, with Verblunsky coefficients a,(t). The following three statements are equivalent:
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1) u(-, 1) satisfy (9.8.11);
(1) a,(2) solve the system of differential-difference equations

d
2@ =1~ lan (P ) @1 () = @1 (1), 1> 0 (9.8.13)

known as the Schur flow;
(iii) the CMV matrices C(t) satisfy the Lax equation

d
—C() =[A,Cl, (9.8.14)
dt

where A(t) is an upper-triangular and tridiagonal matrix

Ra  polo PoP1
-Rajay  p1A p1p2

A= —Rmar p2Ay pap3 ’ ©.3.15)
where A, = a,11(t) — @p—1(2).
There is an equivalent form of (9.8.14):
d
—C(@) =[B,C], (9.8.16)
dt
0 PoZo PoP1
B (C+C).—(C+C)- 1 —Polo 0 pAL pip2

B 2 ) —.0?.01 _pfA] 0 P.zAz ,0'2P3 ©.8.17)

c+cC
= A —_ = —B*’
2

where we use the standard notation X, for the upper (lower) projection of a matrix X. The
latter form of the Lax equation is closer to its counterpart in the Toda lattices setting.

Thereby, the solution of the initial-boundary value problem for the Schur flow (9.8.13) with
arbitrary initial data

lenO) <1, neZ,, a=-1 (9.8.18)

amounts to a combination of the direct and inverse spectral problems for the unit circle (from
Verblunsky coefficients to orthogonality measures and backwards) with (9.8.11) in between.

The Schur flow (9.8.13) appeared in Ablowitz and Ladik (1976a,b) under the name “dis-
crete modified KdV equation,” as a spatial discretization of the modified Korteweg—de Vries
equation

0.f = 6f20,f — 0 f.
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The name “Schur flow” is suggested in Faybusovich and Gekhtman (1999), where the authors
consider finite real Schur flows and suggest two more Lax equations based upon the Hessen-
berg matrix representation of the multiplication operator (see also Ammar and Gragg, 1994).
In Mukaihira and Nakamura (2000, 2002) the Bessel modification of measures appeared, and
a part of the results from Theorem 9.8.9 is proved. In Nenciu (2005) (see also Killip and Nen-
ciu, 2005) the authors deal with the Poisson structure and Lax pairs for the Ablowits—Ladik
systems closely related to the Schur flows. The latter can also be viewed as the zero-curvature
equation for the Szegd matrices (cf. Geronimo, Gesztesy, and Holden, 2005)

d
ETn(Z’ t) + Tn(Z, t)Wn(Z$ t) - Wn+l(Z’ t)Tn(Z’ t) = Oa

Wn(z’ t) = (

z+1 - CVn—lﬁn _an - an—lz_1
—p-12 — @y 1 _6n—lan +Z_1
It might be worth pointing out that some properties of Verblunsky coefficients for the Bessel

transformed measures (such as the rate of decay) are inherited from those of the initial data
(see Golinskii, 2006).

Theorem 9.8.10 Ler ,(t) solve the Schur flow equations (9.8.13). Then

(1) {@,(0)} € €7 implies {a,(t)} € (P forallt >0, p =1,2;
(i) |a,(0)] < Ke ™ implies |a,(t)] < K(t)e ™ for all t > 0, a > 0.

Because of the boundary condition a_; = —1 the initial-boundary value problem (9.8.13)/
(9.8.18) with zero initial conditions

ap(0)=a;(0)=---=0

has a nontrivial solution. We are now dealing with the Bessel transformation of the Lebesgue
measure

1,0 = C0e ) dm,

called the modified Bessel measures on the unit circle. Denote by £3,,(#) the Verblunsky coef-
ficients of u(:, ), which are clearly real. The corresponding system of orthogonal polynomials
has arisen from studies of the length of longest increasing subsequences of random words
(Baik, Deift, and Johansson, 1999) and matrix models (Periwal and Shevitz, 1990).

Note first that the normalizing constant C(¢) can be easily computed

2n
- 1 ) © t2n
-1 _ (Z+eh) _ - 2t Cos x _ —
C(= fe dm = 27rfe dx = Z{; e = Ip(21),
T 0 n=

where I}, is the modified Bessel function of order k. Similarly, for the moments of the measure
we have
1,(2t)

> Z,, —p = Mp- 9.8.19
1o(20) P E€ELy, Hp=Hp ( )

up(t) = fé“*”d,u(é“,t)=
T
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The explicit expression for Verblunsky coefficients as a ratio of two determinants follows from
(9.1.7) with z = 0 and (9.8.19),
det ||l j-1(2D)Mlo<k, j<n
det k- 20llosk jn

There is an important feature of the modified Bessel measures proved in Periwal and She-
vitz (1990).

Ba(t) = (=1)" €Z,. (9.8.20)

Theorem 9.8.11 (Periwal-Shevitz) The Verblunsky coefficients 3,(t) for the modified Bessel
measures satisfy a form of the discrete Painlevé Il equation

Bn(0)
t(1 = B(1)
with_y = =1, Bo = [;(2t)/ 1H(21).

There are also differential relations satisfied by modified Bessel polynomials, their leading

coeflicients, and Verblunsky coefficients, specific for this particular case. For instance (see
Ismail, 2005b, Lemma 8.3.6),

—(n+1) = Bur1t() + Bu-1 (), n € Zy, (9.8.21)

2 d L
mEKn(l) = 00 + @, (a,-1 (1),
d__h® - 2
d—tan(f) =0 + @1 (D) = (1 = |, (O )a,-1 (D).

Concerning the long-time behavior of Verblunsky coefficients, the following result is proved
in Simon (2007b).

Theorem 9.8.12 Let u(-,t) be the Bessel transformation (9.8.11). Suppose that u({,0) =
w({)dm, w is a positive and continuous function on T. Then for the Verblunsky coefficients
one has

" _,_n+l 1 -
=D, =1 p” +O(t)’ t— oo, (9.8.22)

In particular, (9.8.22) holds for §,(¢). It might be a challenging problem to find an asymp-
totic series expansion for 5, from (9.8.20) and the expansion for the modified Bessel function

rX 2 U2y 4k —(2i—1)2
e Z(_l)j(4k 19)- - (4k= = (2j - 1))
=0

1 ~ - s
(1) N j 180






