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Abstract: We prove rigorously the well-known result of Gardner about the typ-
ical fractional volume of interactions between N spins which solve the problem
of storing a given set of p random patterns. The Gardner formula for this volume
in the limit N,p — oo, p/N — « is proven for all values of a. Besides, we prove
a useful criterion of the factorisation of all correlation functions for a class of
spin glass models.

1. Introduction

The spin glass and neural network theories are of considerable importance and
interest for a number of branches of theoretical and mathematical physics (see
[M-P-V] and references therein). Among many topics of interest the analysis of
the different models of neural network dynamics is one of the most important.
The neural network dynamics is defined as

N
oi(t+1) =sign{ > Jjo;()} (i=1,...,N), (1.1)

j=1ji

where {0;(t)}7_, are the Ising spins and the interaction matrix {J;;} (not nec-
essarily symmetric) depends on the concrete model, but usually it satisfies the
conditions

N
J=L#i

where R is some fixed number which could be taken equal to 1.
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The main problem of the neural network theory is to introduce an interaction
in such a way that some chosen vectors {£ (H)}Zzl (patterns) are the fixed points
of the dynamics (1.1). This implies the conditions:

N
S e >0 (i=1,...,N). (1.3)

=157
Usually, to simplify the problem the patterns {& (H)}Zzl are chosen i.i.d. random

vectors Wlth i.i.d. components f(” (t = 1,...,N), assuming values £1 with
probability 1 5

Sometimes condition (1.3) is not sufficient to have £€(*) as the end points of
the dynamics. To have some ”basin of attraction” (that is some neighbourhood
of &) starting from which we for sure arrive in £€(*)) one should introduce
some positive parameter k and impose the conditions:

N
S e >k (i=1,...,N). (1.4)

J=1,37#i

Gardner [G] was the first who solved a kind of inverse problem. She asked the
questions: for which a = £ the interaction {J;;}, satisfying (1.2) and (1.4)
exists? What is the typical fractional volume of these interactions? Since all
condition (1.2) and (1.4) are factorised with respect to i, this problem after
a simple transformation should be replaced by the following. For the system of
p ~ aN ii.d. random patterns {E(”)}ﬁzl with i.i.d. fg“) (i=1,...,N) assuming
values £1 with probability 1, consider

dJHO 2w gy — k), (1.5)

p=1

@N, k :U_l/
p(k) =0y JTen

where the function 6(z), as usually, is zero in the negative semi-axis and 1 in
the positive and o is the Lebesgue measure of N-dimensional sphere of radius
N'/2_Then, the question of interest is the behaviour of + log O (k) in the limit
N,p — o0, & — a. Gardner [G] had solved this problem by using the so-called
replica trick, which is completely non-rigorous from the mathematical point of
view but sometimes very useful in the physics of spin glasses (see [M-P-V] and

references therein). She obtained that for any a < a.(k), where

(u+ k)2e™ 2 du)™ (1.6)

a.(k)

=5 [

there exists
lim E{logOn ,(k)} = F(a, k) =

N,p—oo,p/N—a

. u/q+k 1 ¢ (1.7)
_q:(l)“r%lqnSl [aE{logH<m>}+21 + = log(l Q| ,

where u is the Gaussian random variable with zero mean and variance 1, and
here and below we denote by the symbol E{...} the averaging with respect to all
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random parameters of the problem. And 3 log ©n ,(k) tends to minus infinity
for a > a.(k).

At the present paper we give the rigorous mathematical proof of the Gardner
results. As far as we know, it is one of the first cases, when the problem of spin
glass theory can be completely (i.e. for all parameters « and k) solved in the
rigorous mathematical way. It can be explained by the fact, that in the Gardner
problem the so-called replica symmetry solution is true for all « and &, while,
e.g. in the Hopfield and Sherrington-Kirkpatrick models the replica symmetry
solution is valid only for small enough « or for high temperatures (see [M-P-V] for
the physical theory and [S1], [S2], [T1], [T2] for the respective rigorous results).
The same situation holds, unfortunately, with a problem similar to the Gardner
one, the so-called Gardner-Derrida [D-G] problem. Also only the case of small
enough a was studied rigorously for this model (see [T3]).

We solve the Gardner problem in three steps which are Theorems 1, 2 and 3
below. At the first step we prove some general statement. We study an abstract
situation, where the energy function (the Hamiltonian) and the configuration
space are convex and prove that in this case all the correlation functions become
factorised in the thermodynamic limit. Usually this factorisation means that
the ground state and the Gibbs measure are uniquely defined. In fact, physicists
understood this fact during a rather long time, but in the rigorous mathematical
way it was not proved before.

The proof of Theorem 1 is based on the application of the theorem of classical
geometry, known since the nineteenth century as the Brunn-Minkowski theorem.
This theorem studies the intersections of a convex set with the family of parallel
hyper-planes (see the proof of Theorem 1 for the exact statement). We only need
to prove some corollary from this theorem (Proposition 1), which allows us to
have N- independent estimates. As a result we obtain the rigorous proof of the
general factorisation property of all correlation functions (see (2.8)). Everybody
who is familiar with the theory of spin glasses knows that decay of correlations
is the key point in the derivation of self-consistent equations.

The second step is the derivation of self-consistent equations for the order
parameters of our model. In fact Theorem 1 provides all the necessary to ex-
press the free energy in terms of the order parameters, but the problem is that
we are not able to produce the equations for these parameters in the case, when
the "randomness” is not included in the Hamiltonian, but is connected with the
integration domain. That is why we use a rather common trick in mathemat-
ics: substitute #-functions by some smooth functions which depend on the small
parameter ¢ and tend, as ¢ — 0, to f-function. We choose for these purposes
H(ze1/?), where H is the er f-function (see definition (2.11)). But the particular
form of these smoothing functions is not very important for us. The most impor-
tant fact is, that they are not zero in any point and so, taking their logarithms,
we can treat them as a part of our Hamiltonian.

The proof of Theorem 2 is based on the the application to the Gardner prob-
lem of the so-called cavity method, the rigorous version of which was proposed
in [P-S] and developed in [S1], [P-S-T1], [P-S-T2]. But in the previous papers
([P-S],[P-S-T1], [P-S-T2]) we assumed the factorisation of the correlation func-
tions in the thermodynamic limit and on the basis of this fact derived the replica
symmetry equation for the order parameters (to be more precise, we assumed
that the order parameter possesses the self-averaging property and obtained from
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this fact the factorisation of the correlation function). Here, due to Theorem 1,
we can prove the asymptotical factorisation property, which allows us to finish
completely the study of the Gardner model.

Our last step is the limiting transition € — 0, i.e. the proof that the product
of aN #-functions in (1.5) can be replaced by the product of H(%) with the
small difference, when ¢ is small enough. Despite our expectations, it is the most
difficult step from the technical point of view. It is rather simple to prove, that
the expression (1.7) is an upper bound or log Oy, p(k). But the estimate from
below is much more complicated. The problem is that to estimate the difference
between the free energies corresponding to two Hamiltonians we, as a rule, need
to have them defined in the common configuration space, or, at least, we need to
know some a priori bounds for some Gibbs averages. In the case of the Gardner
problem we do not possess this information. This leads to rather serious (from
our point of view) technical problems (see the proof of Theorem 3 and Lemma
4).

The paper is organised as follows. The main definitions and results are for-
mulated in Sec.2. The proof of these results are given in Sec.3. The auxiliary
results (lemmas and propositions which we need for the proof) are formulated
in the text of Sec.3 and their proofs are given in Sec.4.

2. Main Results

As it was mentioned above, we start from the abstract statement, which allows
us to prove the factorisation of all correlation functions for some class of models.
Let {®n(J)}¥_, (J € RY) be a system of convex functions which possess
the third derivatives, bounded in any compact. Consider also a system of convex
domains {I'y}%_, (I'v C RY) whose boundaries consist of a finite number (may
be depending on N) of smooth pieces. We remark here, that for the Gardner
problem we need to study I'y which is the intersection of «/V half-spaces but
in Theorem 1 (see below) we consider a more general sequence of convex sets.
Define the Gibbs measure and the free energy, corresponding to @y (J) in I'y:

(-. Yoy = E&l fFN dJ(...)exp{—Pn(J)},

2.1
Sn(@x) = [ dT exp{-BN(D)}, [n(@x) = Llog Sx(@y). 2V
Denote
OnNU)={J: dx(J) < NU}, 0Qn(U) = 0nU)N I, (2.9)
DN(U) = DN(U) n FN,
where Dy (U) is the boundary of 2x(U). Then define
1
fr(U) = —=log dJe NU.
JEeDN (V)
Theorem 1. Let the functions & (J) satisfy the conditions:
d2
—ON(J + te)|i=o > Co > 0, (2.3)

dt?
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with any direction e € RN, |e| = 1 and uniformly in any set |J| < N'/2R;,

On(J) > C1(J,J), as (J,J) > NR? (2.4)
and for any U > Upin = JIIGI}II N7'®n(J) = N"'dn(J¥)
|V@n (J)| < NV2Cy(U), as Je 2n(U) (2.5)

with some positive N -independent Cy, C1,Co(U) and Co(U) continuous in U.
Assume also, that there exists some finite N-independent Cs, such that

fn(®N) > —Cs. (2.6)
Then lox N .
vew) - 30 <OCED), (U= ptewan ). )

Moreover, for any e € RN (|e| = 1) and any natural p

(J.0)")ay <C) (Ji = Ji = (Ji)ay) (2.8)
with some positive N-independent C(p).

Let us remark that the main conditions here are, of course, the condition
that the domain I'y and the Hamiltonian @y are convex (2.3). Condition (2.4)
and (2.5) are not very restrictive, because they are fulfilled for the most part
of Hamiltonians. The bound (2.6) in fact is the condition on the domain I'y.
This condition prevents I'y to be too small. In the application to the Gardner
problem the existence of such a bound is very important, because in this case we
should study just the question of the measure of Iy, which is the intersection of
aN random half-spaces with the sphere of radius N'/2. But from the technical
point of view for us it is more convenient to check the existence of the bound
from below for the free energy, than for the volume of the configuration space
(see the proof of Theorem 3 below).

Theorem 1 has two rather important for us corollaries.

Corollary 1. Under conditions (2.8)- (2.6) for any U > Uin

F(U) = min {f (=) + 2U} + O (2.9

This corollary is a simple generalisation of the so called spherical model which
becomes rather popular in the resent time (see, e.g. the review paper [K-K-P-S]
and references therein). It allows us to substitute the integration over the level
surface of the function @5 by the integration over the whole space, i.e. to sub-
stitute the ”hard condition” & = UN by the ”soft one” (Pn)g, =UN. It is a
common trick which often is very useful in statistical mechanics.

The second corollary gives the most important and convenient form of the
general property (2.8):

Corollary 2. Relations (2.8) imply that uniformly in N

1«0 _C
WZ<J1'JJ‘>¢N =¥
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To found the free energy of the model (1.5) and to derive the replica symmetry
equations for the order parameters we introduce the "regularised” Hamiltonian,
depending on the small parameter € > 0

p _

E— (e JYN-1/2

Hnp( T kb ze) == logH ( € J’g) ) +h(h, D)+ Z(J.0),
p=1

(2.10)
where the function H(z) is defined as

1
V2T
and h = (hq,...,hn) is an external random field with independent Gaussian h;

with zero mean and variance 1, which we need from the technical reasons.
The partition function for this Hamiltonian is

H(z) = e 24t (2.11)

Zn.p(k,h,2,€) :ajvl/dJexp{—HE(J,k,h,z,s)}. (2.12)
We denote also by (...) the corresponding Gibbs averaging and
1
fnplk,h,z,e) = N log Zn p(k, h,z,€). (2.13)

Theorem 2. For any o,k > 0 and z > 0 the functions fnp(k,h, z,€) are self-
averaging in the limit N,p — oo, ay = & — a:

E {(fN,P(ka h; Z,E) - E{fNJ’(k: h,Z,E)})2} =0 (214)
and, if € is small enough, a < 2 and z < e~'/3, then there exists

lim E{fnp(k,h,z,e)} = F(a, k, h, z,€),

N,p—oo,any —a

Fla.k.h,z,¢) = i E log H “\erk
(a, k, ’Z’E):I}%IE%COE}IIER ko8 5+R q (2.15)
1 ¢ z h
+§—R + = log(R — §R+ 5 (R - q)

where u is a Gaussian random variable with zero mean and variance 1.

Let us note that the bound a < 2 is not important for us, because for any
a > ac(k) (a.(k) is defined by (1.6) and a.(k) < 2 for any k) the free energy
of the problem (1.5) tends to —oc, as N — oo (see Theorem 3 for the exact
statement). The bound z < e~ 1/3 also is not a restriction for us. We could need
to consider z > e~1/3 only if, applying (2.9) to the Hamiltonian (2.10), we obtain
that the point of minimum z,,;,(¢) in (2.9) does not satisfy this bound. But it
is shown in Theorem 3, that for any a < a.(k) Zmin(€) < Z with some finite Z
depending only on k and a.

We start the analysis of Oy ,(k), defined in (1.5), from the following remark.
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Remark 1. Let us note that On p(k) can be zero with nonzero probability (e.g.,
if for some p # v €W = —£®)). Therefore we cannot, as usually, just take
log On p(k). To avoid this difficulty, we take some large enough M and replace
below the log- function by the function log, ), defined as

log(prv) X = log max {X, e MN}. (2.16)

Theorem 3. For any a < a.(k) N~! log(arny Onp(k) is self-averaging in the
limit N,p — oo, p/N — «

2
E { (N_1 log(arny Onp(k) — E{N~! log(arny @N,p(k)}) } -0
and for M large enough there exists

. -1 _
N,p—>i<1>I,Ip}/N—>a E{N 1Og(MN) QNJ)(]C)} - f(av k)a (217)
where F(a, k) is defined by (1.7).

For a > a.(k) E{N—! log(vin) Onp(k)} = —oc, as N — oo and then M —
0.

We would like to mention here that the self-averaging of N~!log Oy ,(k) was
proven in ([T4]), but our proof of this fact is necessary for the proof of (2.17).

3. Proof of the Main Results

Proof of Theorem 1 For any U > 0 consider the set 25 (U) defined in (2.2) Since
PN (J) is a convex function, the set 25 (U) is also convex and 25 (U) C 25 (U'),
if U <U'. Let

Vn(U) = mes(2x(U)), Sn(U) = mes(Dn(U)), .
Fn(U) = fJeDN(U) V&N (T)|~"dSy. (3.1)

Here and below the symbol mes(...) means the Lebesgue measure of the corre-
spondent dimension.

Then it is easy to see that the partition function X'n can be represented in
the form

In = / e NUEN(U)dU = N1 e*NUiVN(U)dU
U>Upin U>Upin dU (32)

= / e~ NUVN(U)U.
U>Unmin

Here we have used the relation Fy(U) = N~'-LVy(U) and the integration by
parts.

Besides, for a chosen direction e € RY (|e| = 1), and any real ¢ consider the
hyper-plane

Alc,e) = {JGRN 1 (J,e) :Nl/Qc}
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and denote
Oy U, e) = 2nvU) N Alc,e), Vn(U,c) =mes(2x(U,c)),
DU, ) = Dn(U) N Alc,e), Fn(Uc) = / Vo ()| tds,. 33)
JE’DN(U,C)

Then, since Fiy(U,c) = N2 Vn (U, c), we obtain

N = / dedUe NV Fn (U, ¢) = [ dedUe NYVin(U, ¢),

_ 4
(e, = NP dedUcre NV (o) (34)
T e [ dedUeNUVy (U, c)

Denote 1 1
sy(U) = NlogVN(U), sny(U,e) = NlogVN(U, c). (3.5)

Then relations (3.2), (3.4) give us

Sy =N / exp{ N (sx(U) — U)}dU,
((0), =N (e~ @wa)) -

where
_ [adude(...) exp{N(sn(U,c) — U)}

(- dwe) = J dUdcexp{N(sn(U,c) - U)}

Then (2.7) and (2.8) can be obtained by the standard Laplace method, if we
prove that sy(U) and sy(U, ¢) are concave functions and they are strictly con-
cave in the neighbourhood of the points of maximum of the functions (sy(U)—U)
and (sy(U,¢) — U). To prove this we apply the theorem of Brunn-Minkowski
from classical geometry (see e.g. [Ha]) to the functions sy (U) and sy (U, ¢). To
formulate this theorem we need some extra definitions.

(3.7)

Definition 1. Consider two bounded sets in A,B C R"™. For any positive a and

g
aAx pBB={s:s=caa+ fb,ac AbeB}.

aA x BB is the Minkowski sum of aA = and BB.

Definition 2. The one-parameter family of bounded sets {A(t) }1=<1<sz s a con-
vex one- parameter family, if for any positive o < 1 and t1 » € [t},13] they satisfy
the condition

.A(Oétl + (1 — Oé)tQ) D) Oé.A(tl) X (1 — Oé).A(tQ)

Theorem of Brunn-Minkowski Let {A(t)}s:<i<tz be some convex one-

parameter family. Consider R(t) = (mesA(t))'/N. Then dijfé” <0 and dijfé” =

0 for t € [t},t}] if and only if all the sets A(t) for t € [t],t5] are homothetic to
each other.

For the proof of this theorem see, e.g., [Ha].
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To use this theorem for the proof of (2.7) let us observe that the family
{2nU))}vusu,,,;. is a convex one-parameter family and then, according to the
Brunn-Minkowski theorem, the function R(U) = (Vi (U))'/Y is a concave func-
tion. Thus, we get that sy (U) is a concave function:

7 N _R'U) (RO __ (RO

But % = Lsy(U) > 1for U< U*, and even if -Lsy(U) =0 for U > U*,

we ob;cain that % (sn(U)—U) = —1. Thus, using the standard Laplace method,
we ge

log N 1 log N
(@) = sy (U") = U* + O(52) = Llog Vi (U") = U* + 05,
U, = %<¢N>¢N =U* —l—O(l).

(3.8)
Using condition (2.5), and taking J*, which is the minimum point of &5 (J),
we get

Vn(U*) > N |(J = I Vo ()||[VEN ()7 dS g
Teby @y (3.9)
Z SN(U*) — Umin — Nﬁl/QSN(U*)C(U*).
Max jcp (o) Von(JT)|
On the other hand, for any U < U*
Sn(U) : Fn(U)

————————> min |VONJ)|—Fir—F= =

N12VN(U) = JGDN(U)(L N )|N1/2dVN(U) (3.10)
SN2 pip L2 Umin 4y s e Loy s @

Y= Vmin &
Jepnw) |J —J7 au™™ dU

Here we have used (3.3) and (2.4). Thus the same inequality=
is valid also for U = U*. Inequalities (3.10) and (3.9) imply that

logN)
N

1 1
NlogSN(U*) =N log Vi (U™) + O(

Combining this relation with (3.8) we get (2.7).

Let us observe also that for any (Up,co) and (dy,d.) the family {2y (Uo +
t0y, co + tdc }1efo,1] is a convex one-parameter family and then, according to the
Brunn-Minkowski theorem the function Ry (t) = VV/N(Uy + ty,co + to.) is
concave. But since in our consideration N — oo, to obtain that this function
is strictly concave in some neighbourhood of the point (U*,¢*) of maximum of
sn(U, ¢)—U, we shall use some corollary from the theorem of Brunn- Minkowski:

Proposition 1. Consider the convezx set M C RN whose boundary consists of a
finite number of smooth pieces. Let the convex one-parameter family { A(t) }1= <1<ty
be given by the intersections of M with the parallel the hyper-planes B(t) = {J :
(J,e) = tN'/2}. Suppose that there is some smooth piece D of the boundary
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of M, such that for any J € D the minimal normal curvature satisfies the in-
equality N'/?kpmin(J) > Kq, and the Lebesgue measure S(t) of the intersection
DN A(t) satisfies the bound

S(t) > N2V (t)C(¢), (3.11)
where V (t) is the volume of A(t). Then ;TQQVI/N(t) < —KoCt) VYN (1),
One can see that, if we consider the sets M, M’, A, B(t) c RN*!

M=MnNA M ={J,U): NU>dx(J), J €'y},
A={(J,U): 6p((J,e) = N'/2¢cy) — N'/26.(U — Up) = 0},
B(t) = {(J,U): 6.((J,e) — N'2¢o) + NV25,(U — Up) = N/?t},

then Qn (U + téy,co + td:) = M N B(t) (without loss of generality we as-
sume that 62 + 67 = 1). Conditions (2.3) and (2.5) guarantee that the minimal
normal curvature of D\ (U) = {(J,Pn(J)), J € I'n} satisfies the inequality
NY2kmin(J) > K for J € Dy(U), if |[U — U*| < & with small enough but
N-independent ¢. Besides, similarly to (3.10)

ﬁf/sg/]jv—((%’?) > Cs %SN(Ua c).
Thus we get that
d 2
wsN(U c) > = gt sy (U + tsinp, ¢ + tcos ) < —Cy. (3.12)

t=0

Remark 2. 1f I'y = R”, then conditions of Theorem 1 guarantee that - sn (U, ¢) >
const, when (U, c) ~ (U ¢*) and so Proposition 1 and (3.10) give us that

N(U,¢) = U = (sy(U*, ¢*) = U*) < —%((c — )2+ (U-UY?).  (3.13)

which implies immediately (2.8). But in the general case, the proof is more
complicated.

Let us introduce the new variables p = (U — U*)* + (c — )2,

¢ = arcsin ((U_U*)Ej (U REEE and let n(p, @) = on(U,¢) = sy(U* + U, ¢* +
¢) —U —sn(U*, ¢*) + U*. We shall prove now that

~ K
¢N(N71/2a (10) S _ﬁv (314)

where K does not depend on ¢, N. Consider the set

d
A= s — -
{wo: favwa <3},
One can see easily, that if (U',¢") € A, then (U, ¢ ) €
L én(U,c') < —%. That is why it is clear, that (U*,c*

3
to the boundary 9A4). Denote

A for any U > U’ and
) ¢ A (but it can belong

"= inf {F(N_l/2 sing, N™'/2 cos) N A ﬂ} ,

vE[—%5.5
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where 7(U, ¢) is the set of all points of the form (U* + tU, ¢* + tc), t € [0, 1]).
Then for any ¢ < ¢* we can apply (3.12) to obtain that

_04

ON(NT20) < o (3.15)

Assume that —F < ¢* < Z. Let us remark that, using (2.5), similarly to (3.9)

14
one can obtain that for all (U,¢): |[U — U*| < N='/? and |c — ¢*| < N~1/2

d . _ SN(U C)
- < L < G .
S o (Use) < min [Vex ()]~ 5 T S Cs (3.16)

Choose d = 4%‘5. Then for all p* < ¢ < @4 = arctan(tan ¢* + dN~1/2), using

(3.15) and (3.16), we have got

AN(NTV2 ) = pn (N~ 2 sinp, N71/2 cos )
d Csd C
< oA e Csd __ Cy a2y
< ¢n(N sin ¢ N,N cosp) + N S TIn +O(N°/%)

(3.17)

For 7 > ¢ > g4, according to the definition of ¢* and g4, there exists p1 < 1
such that

(N~12p; sinp — d%, N-12p cosy) € A
= (N"Y2p;sing — 11 N=1/2p, cosp) € A (t €[0,1]).
Therefore, using that ¢x(p, ) is a concave function of p, we get
éN(lN_l/Q; f)gﬁ Pf%N(NIIfPl N%)
=p; ON(NT / p1sing, N~ / p1€COS ) (3.18)

_ _ . d _ d
<py N (NT2pysing — %:N 12 py cos ) — oN = Tan

And finally, if || > 7, denote
Ly = (N2 sin o, N~Y2 cos o) N A, ly = N1/2 mes{L4}.
Then, using that for (U, c) € L4

d ~ 7 d 1 T
—gN (N2 < N2 cos—— ——N~'2¢os =
dp¢N( prp) < cos 4dU¢N(U’C) < -3 cos

and for (U, c) ¢ L4 we can apply (3.12), we have got

it -1/2 _(1 _l¢)204 _ ly _5
IN(N T2 p) < oN TISLE <-5 (3.19)

Inequalities (3.15)-(3.19) prove (3.14) for |¢| < F. For the rest of ¢ the proof is
the same.
Now let us derive (2.8) (for p = 2) from (3.14). Choose p* = + and remark,

that since &N(p, () is a concave function of p, we have got that for p > N~1/2p*

L G (0.0) < Lan(pg) + 2logp) <

2dp p=N—1/2p* 4 N S N1/2”
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Thus, using the Laplace method, one can obtain that

fp>N_1/2p* dp erjtw’N(P#ﬂ) B (p*)Q dd_péN(p’ ©)
Jysn-1s2,. dpeNone0) = N Loy (p, o) + 3 log p]

p=N—1/2px

So, we have for any ¢

~ *\2 ~
/dpreNd’N(p’“’) < %/ dpeN¢N(p,<p)
p<N—1/2p*

%12 _ *\2 -
+2(P ) / dpeN¢N(p74P) < 2(/’ ) /dpeN¢N(p7w)_
p>N—1/2p* N

This relation proves (2.8) for p = 2, because of the inequalities

fd¢fdpp26N‘¥3N(p’W) - 2(p*
fd(]ﬁfdpeNéN(P#P) - N

For other values of p the proof of (2.8) is similar.

)?

(e = w,e))w,e) < (e =) we) <

Proof of Theorem 2
For our consideration below it is convenient to introduce also the Hamiltonian

_ 1 <&
Hnp( .7, h, 2,8) = o S (INR(EW )~ )2 4 h(h, J)+§(J, J). (3.20)
p=1
Evidently
HNp(J, kb, z,€) = —log/ dZ exp{Hn ,(J, T, h,z,6)} + g log(2me)
z(B) >k

and so (F(J)) = <F(J)>ﬁNp for any F(J). Therefore below we denote (...)

both averaging with respect to Hy,, and H p.

N
1 v . ..
Lemma 1. Define the matriz X" = N E fg“)fg ). If the inequalities
i=1

1
XNl < (Va+22,

are fulfilled, then the Hamiltonian Hn p(J, k, h,z,€) satisfies conditions (2.3),
(2.4), (2.5) and (2.6) of Theorem 1 and therefore

(h,h) <2, (3.21)

N N
o e < CE2 LS e < YB3

ij=1 i.j=1

where J; = J; — (J;).
Moreover, choosingeny = N~/2log N we have got that there exist N -independent
Ci and Csy, such that

Prob {max(G(Ji — N'Y2ep)) > e log® N} < e Colog® N (3.23)
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Remark 3. According to the result of [S-T] and to a low of large numbers, Py-the

probability that inequalities (3.21) are fulfilled, is more than 1 — e~ COTSIN/

Remark 4. Let us note that since the Hamiltonian (2.10) under conditions (3.21)
satisfies (2.3), (2.4) and (2.6), we can choose R large enough to have

ox' [ 0T = N'Y2Ro)e " rdd < (Ro)NemNO1Ho < = NCamN

I'n
= {0(|J| = N'/2Rg)) < e N,

so in all computations below we can use the inequality |J| < N'/2Ry with the

error O(e~Nconst )

Remark 5. Let us note, that sometimes it is convenient to use (3.22) in the form

E{< (Nl f: j}”jl@>2>(l’2)} < C(JZ\,’ 2
() <5

Here and below we put an upper index to .J; to show that we take a few replicas
of our Hamiltonians and the upper index indicate the replica number. We put
also an upper index (..):?) to stress that we consider the Gibbs measure for two
replicas. The last relations means, in particularly, that

LS~ 5 5@ 1S
N2 h T 50 5D i) = 0, as N oo (3.24)
in the Gibbs measure and the probability.

We start the proof of Theorem 2 from the proof of the self-averaging property
(2.14). of fn p(h,z,¢€). Using the idea, proposed in [P-S] (see also [S-T]), we write

p

Inp(h,z,€) — E{fnp(k,h, 2,6)} = % > A

pn=0
where
AH = E,u, {(log ZNJ’(ka ha Z, E))} - Ell+1 {(log ZNJ’(ha Z,E))} )

the symbol F,{..} means the averaging with respect to random vectors &), ..., ()
and
Eo {log Zn p(k,h,z,e)} =log Zn p(h, z,€). Then, in the usual way,

E{A A} =0 (u#v),

and therefore

B{(Tva(h,2,0) = Blixo(k b 20D = 33 SO B{A) (329)
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But
B{A2_,} < B{(By 1{(0g Znp (k. h,2,)} -
By {og 2, (kb)) < B{(A)%), (320
where

A, =log Zy y(k, h, 2,€) — log Z](\‘,g)_l(k, h,z,€),
with Z](\’,g_l(k, h, z,€) being the partition function for the Hamiltonian (2.10),

where in the r.h.s. we take the sum with respect to all upper indexes except

u. Denoting by ()](,,“_)

respect to T, we get:

Al = /Elog <H (’“ - (5‘”1};)N‘1/2>>:”1 _ (3.27)

1 the correspondent Gibbs averaging and integrating with

But evidently
0> log (H (e~"/*(k - (£<”>,J>N1/2))>é‘i)l
> (logH (==/2(k - (€, )N ="72)) )" (3.28)

—1
(1) P

> — const <(N5)_1(£(“),J)2>p71 + const

Thus,

B{(4),)%) < const E {((Ne) (€00, %)) (o)~ (e, 1) .

p p—1

But since ()1(,“_)1 does not depend on £€*) we can average with respect to

&) ingide ()1(0"_)1 Hence, we obtain

E{(4,)%} < consts’QE{<N’1(J,J)>(“) (N1, 7)™ } < const. (3.29)

p—1 p—1
Inequalities (3.25)-(3.28) prove (2.14).

Define the order parameters of our problem

_ 1 J 2 _ 1 u 2
Ryp =52 (00) anp =5 D (%) (3.30)
=1 i=1

To prove the self-averaging properties of Ry, and gy, we use the following
general lemma:

Lemma 2. Consider the sequence of convex random functions { fn(t)}5>, (f/(t) >
0) in the interval (a,b). If functions f,, are self-averaging (E{(f.(t)—E{f.(t)})*} —
0, as n — oo uniformly in t) and bounded (|E{fn(t)} < C uniformly in n,

t € (a,b)), then for almost all t

Jim B{If,(0) = B{A,@}} =0, (331)
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i.e. the derivatives f](t) are also self-averaging ones for almost all t.

In addition, if we consider another sequence of convex functions {g,(t)}32,
(g1t > 0) which are also self-averaging (E{(gn(t) — E{gn(t)})*} = 0, as n — oo
uniformly in t), and |E{f.(t)} — E{gn(t)}| = 0, as n — oo, uniformly in t, then
for all t, which satisfy (3.31)

lim (B0}~ E{g, 0} =0, lim B{[g,(1) - E{g'()}]*} =0. (3.32)

For the proof of this lemma see [P-S-T2]. On the basis of Lemma 2, in Sec.4 we
prove

Proposition 2. Denote Ry p—1, qn,p—1 the analogs of Ry p, qn,p (see definition
(5.30)) for Hy p—1. Then for any convergent subsequence E{fn,, p..(k,h,z,€)}
for almost all z and h Rn,, .., 4N, p., we have got

E{(RNmapm - RNmapm)2}7 E{(quum - aNm,pm)Q} - 0’
_ P - - (3.33)
| BN, om = BN —1l [@n,, . — Ay pr—1] = 0 as k — 00,
where -
Rnyp=E{Rnp}, dnp = Elans} (3.34)
and

N, 2
E{ < <Nm1 S g - RNW:M> >} -0, as Ny, — oo. (3.35)
i=1

Our strategy now is to choose an arbitrary convergent subsequence fn,, .. (k, b, 2, €),
by applying to it the above proposition, to show that its limit for all h, z coin-
cides with the r.h.s. of (2.15). Then this will mean that there exists the limit
Inp(h,z,€) as N,p = oo, & — a. But in order to simplify formulae below we
shall omit the subindex m for N and p.

Now we formulate the main technical point of the proof of Theorem 2.

Lemma 3. Consider Hy,,—1 and denote by (...)p—1 the respective Gibbs aver-
ages. For any 1 > 0 and 0 < k1 < 2k define

dn(er, kr) = el <H (kl - Nl/zﬁ_jp)’ (T)p-1) ) >p1 , (3.36)

don (e, k) = e /2H <k1 ~NU2(g), <J>p1)>’ (3.37)
Unp—1(e1)
where  Unp-1(e1) = EN’p_l —qn -1 te1. Then,
E {(¢N(51,k1) - ¢0,N(51,k1))2} -0,
{ (log pn (€1, k1) — 10g¢07N(51,k1))2} -0,
(3.38)

2
{(%log@v e k1) — 45 10g¢0,N(51;k1)> } -0,

2
{(dilog on(e1, k1) — 7= log ¢0,N(51;k1)> } -0,
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and N=/2(&®) (J),_1) converges in distribution to , /N pu, where u is a Gaus-
stan random variable with zero mean and variance 1.
Besides, if we denote

tW = N=12eW) gy — gt i = ) gy

Un = EQLN zp:«t(u)y)’ in = 1 - (t(“))z, (3.39)

p=1
then Uy and Gy are self-averaging quantities and for p # v
B {(i@i)2} = 0, B {{((t07)2 = (192 ((¢0)? = ((¢)2)))? } = 0,

E{((t(“))“)} < const, E{((t("))4(t(”))4)} < const.
(3.40)

Now we are ready to derive the equations for gy, and Ry, From the
symmetry of the Hamiltonian (3.20) it is evident that gy, = E{(Ji)?} and
Ry, = E{(J?)}. The integration with respect J; is Gaussian. So, if we denote

) = ¢ — N2 g
we get

(J1) = —(z + an/e)” <N1/22x o(t\) +hh1>.

Hence,

(2 + an/e)E {(J1)?} = QLE{ Y el <t§“)><t§”)>}

=1 (3.41)
+h? + 1—/2E{Zh e @y } o(1),
and similarly
(z+an/e)’E{{(J})} = (z + an/e) + Z E{ ”)f(") u)t(u)>}
N (3.42)

+h? + 1/zzp:E{h € t(“)} o(1).

Now to calculate the r.h.s. in (3.41) and (3.42) we use the formula of ”inte-
gration by parts” which is valid for any function f with bounded third derivative

E {fi“)f (§§H)N—1/2)

ﬁE {f’ ( §M)N—1/2)} + N1/2E {f”' (C(éu))éu)N—lp)} ’

(3.43)
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where |C(§£“))| < 1. Thus, using this formula and the second line of (3.40), we
get:

(z 4+ an/e)? N

N“ZE{<t§ GRNATON A >_< t<”)J1—<t§”>J1>)>}

2 v 14 14
+ o Z E{(0 @ 5 = @ 2@ - @) @)}
i (3.44)
ty 2 P {<t‘§’” (7 = (7 1) ) (870 0 = (1)) ) |
nEv

+h? + ZE{< () (400 g, <t§”>J1>)j1>} +o(1).

Substituting tﬁ“ ) by t**) and using the symmetry of the Hamiltonian with respect
to .J;, we obtain e.g. for the first sum in (3.44):

e 3 B {8 - ) (15 - )

Jég i > B{{H0 (i + (1)) = (€90 + () )

i=1 p,v=1

: <t'<"><J'- () = () s+ () + (1)
N p
ZZ {ER2 D22 + 0(1) = G (On — an)?* +o(1).

Here we have used the relation (3.24), which allows us to get rid from the terms
containing .J; and the self-averaging properties of qN Uy and . Transforming
in a similar way the other sums in the r.h.s. of (3.44) and using also relations
(3.40) to get rid from the terms, containing ({("#(*)) we get finally:

(z +an/e)? qu =qn + 2(RN,p N p)QN(UN —qn)

_ 3.45
Fny (O — an)? 4 R2(L+ 20n — aw) Ry —Gy)) +o1). 4
Similarly we obtain

—2qN pQN(UN - QN) + h2(1 +2(Uy — QN)(RN,p QN,p)) +o(1).

Considering (3.45) and (3.46) as a system of equation with respect to Ry, and
qn,p» We get

dnp= D), Ry, = ol 3.47
qN’p_(z+AN)2+O( ) N’p_qN’p_z+AN+0( ) (3.47)
where we denote for simplicity
a =
Axy = P N +qn- (3.48)
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Now we should find the expressions for ¢y and Ux.
From the symmetry of the Hamiltonian (2.10) it is evident that

1 2
in = anEB {5_2 <N*1/2(§(P),J) - ac(p)> }

2
d 1
—1 d ——(N2(®) J) -z — ky)?
T Og/wo x<exp{ 251( (&P, J) -z —k1)"} .

aNE

ki=k
d 2
anE § |——logon(ki,e1)
dky
ki=k
(3.49)
Therefore, using Lemma 3, we derive:
2
AN U+ E AN U+ k
gy = anE ilogH ViNp" T — ON pla2 VAN TR _
dky N UN.p VUNp
(3.50)
Here and below we denote
A = L iogh(@) = (351)
=——IlogH(z) = ——, .
R V2rH(z)
where the function H(z) is defined by (2.11). Similarly
~ 1
O = anE{ S(NT/HEW, ) - 2}
d 1
=2apnFE {d_ log/ dz{exp{—=—(N"12(&®) J) —z — k1) }p—1
€1 >0 2e1 e1=¢
d
= 2OéNE{d—€1 log ¢p(k1,51)} .
(3.52)
Now, using Lemma 3 and Lemma 1, we derive:
. Van,u+k
Un =2anFE 4 logsfl/QH VNt TR
d€1 A /UN,p _
STtk N (3.53)
a N a N — N,p 1
=—+ —7ZES (k+/an,u)A | —F=——
2o e v (V)

Thus, from (3.45), (3.46), (3.50) and (3.53) we obtain the system of equations
for Ry, and Gy,

— Van,u+k N
EN,p = (RN,p - §N7p)2 |:U10\éz E {AQ <7\]/VZT ) } + h2:| +EN
sP P

« — \/GN pU +k
—E{ (Vay,u+ kA <7 (3.54)
U3/2 { N,p /UN,p

N,p
2 ~!
z+ = —h™ + €&y,

(RNJ) - aN,p)2 EN’:D - qN,p

aN s
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where én, &% — 0, as N,p = o0, ay — a.

Proposition 3. For any ag < 2 and small enough h there exists * (g, k, h)
such that for all a < ag, € < * and z < e /? the solution of the system (3.54)
tends as En, &% — 0 to (R*,q*) which gives the unique point of maxg min, in
the r.h.s. of (2.15).

On the basis of this proposition we conclude that for almost all z, h there
exist the limits

m—o0

lim B {d%me,pm(k,h,z,s)} = R* (v k. b, 2.6),

lim E{%fjvm’pm(k:,h,z,s)} = hR*(a,k,h, z,€) — ¢*(a, k, h, 2, €)).

m—ro0

But since the r.h.s. here are continuous functions of z,h we derive that for
any convergent subsequence fn,, p..(k,h, z,€) the above limits exist for all z, h.
Besides, choosing subsequence fn: ,» (k, h,z,e) which converges for any rational
Prn

a, we obtain that for any N,,p;, such that a,, = 3

— a; (@i is a rational

number) and p, such that a), = ]1\’;4: =0

E {fN;n,p'm (Oék,k',h,Z,E)} - E{fNiwp'T'n (ak,k,h,z,s)} =
Prn —Prm
N Z E {log ZN;n’p%_i(k,h,Z,E) — log ZN;mp’m—i—l(k',haZaE)}
mo =0
1 p:’nipi:l 1/_ ’ / 7Z'U/+k
- = Z E{logH( N ol )}
N = VUN, #,—i
(e 5] —% k
—>/ E{logH V@ (@)u+ da.
0 VR @ +e—q ()

Thus, for all rational a there exists

li_1>n E{fn, pn(k,h,z,e)} = F(a,k, h,z,¢),

where F(a, k, h, z,¢) is defined by (2.15). But since the free energy is obviously
monotonically decreasing in «, we obtain, that for any convergent subsequence
the limit of the free energy coincides with the r.h.s. of (2.15). Hence, as it was
already mentioned after Proposition 2, there exist a limit which coincides with
the r.h.s. of (2.15). Theorem 2 is proven.

Proof of Theorem 3. For any z > 0 let us take h small enough and consider

Onplhiliz) =yt [ dTep(=3 = (1.0)~ i, D)),

N

where

QN,I) {J N_1/2(£(u)aJ) Z ka (V: laap)}
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To obtain the self-averaging of N—! log(pny ©(k, h, z) and the expression for

E{N~"log ) O(k, h, 2)} we define also the interpolating Hamiltonians, corre-
sponding partition functions and free energies:

_N-1/2(¢0)
HE (T K hze) = — Z o H(k N ’J>)+§(J,J)+h(h,J),
v=p+1 \/E
(3.55)
ZW (k,h,z,6) = oy p AT ex H (T kD, 2,6
Np( N fg( ) p{— ( e (3.56)

f ’p(k,h,z,s,M) = Nlog(MN) ZN,p(k,h,z,s),
where

Q](\‘,‘L—{J NV2(EW), J) > k, (u’zla---aﬂ)}-

According to Theorem 2, for large enough M with probability more than (1 —
O(N™h)

1
f](\?’)p(k,h,Z,E,M) - fN,P(kah;Z;E)a f (k h z 5) N 1Og(MN) @(kahaz);

where fn p(k,h,z,¢€) is defined by (2.13). Hence,

Inplk, b, z,e, M) — Nlog (MN) Onp(k, h,2)

z:: (3.57)

“ZIH

Below in the proof of Theorem 3 we denote by z(#) = N=1/2(¢(®) J), by the

symbol (...), the Gibbs averaging corresponding to the Hamiltonian H “) in

the domain Qj(\‘,fp and by Z](\‘,"p“ ) the correspondent partition functlon.Denote

also
= () _ = (1)
T,(z) = <0(:1: x)>u, X, = <x >u.
To proceed further, we use the following lemma:

Lemma 4. If the inequalities (3.21) are fulfilled and there exists N, u, e-independent
D such that 1

N
then there exist N, u,e-independent K1,C5,C5,C5, such that for | X,| < log N

<(§7J)>u > D?, (3.58)

Tu(k +2¢'/4) > Cre O3,

3.59
Tu(k—251/4)—Tu(k'+261/4) §61/4C§ ( )

with probability P](V“) >(1- KlN—3/2),
Remark 6. Similarly to Remark 4 one can conclude that, if Z(”p“) > e MN,

then there exists ¢, IV, u-independent Ry, such that we can use the in equality
|J| < N'/2Ry with the error O (e~ €Onst),
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Remark 7. Denote D? the Lh.s. of (3.58). Then

4D2(6(|J| — 2D, N'/2)) <J > D2
= (0(|J| - 2D N1/2)>u <i
=z < g Ji<ab, w12 XP{=3(F.T) = h(h, )} < 4(2D,,)N 2N Ro
Thus, the inequality Z(“ W 5 e=MN implies that D, > Jexp{—M —2hR,} =
D2

Let us prove self-averaging property of f](\,l?p(k,h,z,s,M), using Lemma 4.
Similarly to (3.25) we write

FO (k. by 2,6, M) — B{f (k, b, 2,, M)} ZA,,,

where *) *)
A, = B fn (b h,z,e, M)} = By i {(fN (K, by 2,6, M),

Then E{A, A, } =0, (v # V') and therefore
E{(f)(k, h, 2,6, M) — E{f¥ (k,h, 2,6, M)}) =+ ZE{A2 (3.60)

where similarly to (3.26)
E{A}} < B{Z4,}, (3.61)

with
A, = logar ) Z( ) —logmny Z(p’”+1)

b

where Z (p ’”) is the partition function, corresponding to the Hamiltonian Hy p
(p p) which differs from Q(p ) by the absence of the 1nequa11ty
for p' = v. Therefore for v < p —1
E{[A 1P} = B{JA,—1*}
= E{0(Zy p’p) e_MN)|log(MN) Z](V)p log(mm) Z(p’p| } (3.62)
B0 — 20 ot an,) 28— logan) ZED P,

in the domaln £

But the second term in the r.h.s. is zero, because Z](\’,’7)p < Z](\’,’f) and thus Z(p”]f) <

e~ MN implies Zj(\f’)p < e MN and so log(ar) Zj(\f’)p = logmn ZJ(\I,?;:) = —-MN.

Then, denoting by x,, the indicator function of the set, where Z(#:#) > e=MN,
and the inequalities (3.59) are fulfilled, on the basis of Lemma 4, we obtain that
E{A}} = E{6(2{ PPE e M) logly (B(z® — k) }
< (MNPE{O(ZEY — e MN)9(|X,| - log N)}
+E{(Z307) — e MN) (1= x,)6(log N — X, ])}] (3.63)
+E{8(ZQD — e N )y 8(log N — | X, |) log? exp{~C; X2} |
< (MN)Q[e— log? N/QRg) + KlN_3/2] + 2(R%Cf)2 < 2M2K1N1/2.
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Here we have used that, according to the definition of the function log /) (see
(2.16), [log(an) (6(z®) — k))p | < MN. Besides, we used the standard Cheby-
shev inequality, according to which

P,(X) =Prob{X, > X} < e~ ¥"/2H5 (3.64)

Relations (3.60), (3.61) and (3.63) prove the self-averaging property of + log(viny Onp(k, b, 2).
Now let us prove that A defined in (3.57), for any u satisfies the bound

|E{AWY] = |E{8(Z{5) — e MN)log ) (H((k — 2(4))e1/2))
—log () () — k)>u]} <e'K,

with some positive IV, u, e-independent A, K. We remark here, that similarly to
_ 1
(3.62) Z( 2 I, < Z45 and so, if Zigh < e MN | then log(yy) Z(“ ) =

logiI N p = MN.
sing the inequalities

no(3.65)

H(—e V/4)g(z — eV/4) < H (—i

51/2) <&y 40z + e/ (3.66)

with e; = H(e~ /%), we get

log H(—e /%) — E{O(Z{") — e MN)log(1 + 11 (k,€)) =}

< E{A(u )< E{G(Z(“ u) e MN)log(1 + ra(k, €))}, (3.67)

where

T, () — Ty(k + £1/%)
Tk + e/t

T, (k —e'/*) =T, (k) + &1

e 1,0

Tz(k,E)

But by the virtue of Lemma 4, one can get easily that, if |X,| < log N, then
with probability PV > (1 — K, N=3/2)

r1a(k,e) < e/4CeCXi

with some N, p-independent C'. Therefore, choosing A = §R3(1+ 2CR) ! and
L? = 2)\|logel, for small enough ¢ we can write similarly to (3.63)

E{6(Z4" = e MN)logyy) (14 112(k,2)) } < (MN)P,(log N)
+K N~ 3/2(MN )+ [6(log N — | X|) log(1 + &' /4Ce“X*)dP, (X)
= el/ACeCT” 4 C [6(|X| — L)X2dP,(X) + o(1)
< el/4CeCL* + 2CL2P(L) < K(C, Ro)e>,
where P, (X) is defined and estimated in (3.64) and we have used that, accord-
ing to definition (2.16), —MN < log sy 0((z") — k)i, og pyn 0z — k £
61/4))u < 0 and therefore always |10g(MN)(1 + 7y 2(k,e)] < MN.
Using the bound

1 1
|N log(MN) @N’p(k,h,Z) - N log(MN) @N’p(k,O,ZN S 2hR0,
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representation (3.57) and self-averaging property of 4 log(rrny Onp(k, b, 2), we
obtain that with probability Py > 1— O(N~1/?)

F(a,k,0,2,&) + O(*) + O(h) < %log(MN) Onp(k,0,2)
< F(a,k,0,2,6) + O(e*) + O(h).

Now we are going to use Corollary 1 to replace the integration over the whole
space by the integration over the sphere of the radius N'/2. But since Theorem
2 is valid only for z < /%, we need to check, that min.{F (. k,0,z,¢) + 3}
takes place for z, satisfying this bound.

Proposition 4. For any a < a.(k) there ezists e-independent Z(k, ) such that
Zmin < Z(k, ).

Then, using 2.9, we have got that with the same probability for a < a.(k)

mzin{F(a, k,0,z,e) + %} + 0N +0(h) < %log(MN) On p(k)

s (3.68)
< min{F(a,k,0,2,€) + 5} + O(e*) + O(8) + O(h).

Thus,

, 1 1 ?
lim E { <N log vy Onp(k) — E{N log(arw) QN,p(k)}> } < O0(E*)+O(h),

N—o0

(3.69)
and since ¢, h are arbitrarily small numbers (3.69) proves the self-averaging prop-
erty of = log () On,p(k). Besides, averaging 5% log () On,p(k) with respect
to all random variables and taking the limits h,e — 0, we obtain (2.15) from
(3.69).

The last statement of Theorem 3 follows from that proven above, if we note
that logy; ) On p(k) is a monotonically decreasing function of a and, on the
other hand, the r.h.s. of (2.17) tends to —oo as a@ — a.(k)

Hence, we have finished the proof of Theorem 3.

4. Auxiliary Results

Proof of Proposition 1 Let us fix ¢ € (t},t5) take some small enough § and
consider D°(t) which is the set of all J € A(t) N D whose distance from the
boundary of D is more than dN'/? max{d,2Kod}. Now for any Jo, € DI(t)
consider (J, ¢(J)) - the local parametrisation of D with the points of the (N —1)-
dimensional hyper-plane B = {J : (J,n) = 0}, where 11 is the projection of the
normal n to D at the point Jo on the hyper-plane B(t). We chose the orthogonal
coordinate system in B in such a way that J; = (J,e) = N'/2t. Denote Jo =
PJ, (P is the operator of the orthogonal projection on B). According to the
standard theory of the Minkowski sum (see e.g.[Ha]), the boundary of A(t) x
L A(t + &) consists of the points
1

=T IO, (4.1)



24 Mariya Shcherbina, Brunello Tirozzi

where J belongs to the boundary of A(t) and the point J*) (J) (belonging to the
boundary of A(t + §)) is chosen in such a way that the normal to the boundary
of A(t + d) at this point coincides with the normal n to the boundary of A(t)

at the point J. Denote 75(%) the part of the boundary of $A(t) x $A(t + 8) for
which in representation (4.1) J € D°(t). Now for Jo € D?(t) let us find the point
J(J,). Since by construction %gzﬁ(jo) =0(=2,...,N—1), we obtain for

g (Jo) = PJ(J,) the system of equations
O o3y =0, i=2,...,N-1)
dJ;

and J\°) = N/2(t + §). Then we get

JO = JO 4 SNYV2(D) Y (D V)1 +0(8) (i=2,...,N —1), (4.2)

ﬁvj_:ll consists of the second derivatives of the func-

tion ¢(J) (Di; = %{;iqﬁ(.})). Thus, it was mentioned above, the point J; =

(%(.70+.7(5)) La(Jo ))+¢(.~7(6))) € D(3). Consider also the point J} = (1 (Jo+
D), 6(L(To+ TV))) € A(t + £6) N D. Then,

where the matrix {D; ;

= di =0 (5T + 7)) - 4 (<z><~ )+0(7")) =
SN ((rh2 o, DDy, 1D]1+2Dnz DiaDii + Dia) +o(#?)
N&*(D 1,1) +0(‘52)-

But (D ) L' > A\pnin, where A\, is the minimal eigenvalue of the matrix D.
Therefore since

3 DJ.J
Amin = min (DJ,J) > _min (”2 ’ )2 375 2 Fmin 2 KoN~'/2,
(JJ) (JJ) (1+J1(n,e) ) /
(4.3)
we obtain that
IL—JHZﬁ%NW. (4.4)

Besides, since by construction 5> (Jo)=0 and - ¢( ( )) = 0, we get that the
tangent hyper-plane of the boundary ;.A( ) X ;A(t—f-é) at the point J; is orthog-
onal to (J1—J}). So, in fact, we have proved that the distance between D? (t+%5)
and D(3) is more than 62 KoN'/2. Thus, denoting by S(1) = mesD(3), we ob-
tain that

) > 62N1/2K05’(%) +o(8?) = ENV2RS(1) + 0(0?).  (4.5)

N | =

V(t+ %5) —V(

Here we have used that S(3) = S(t) + o(1), as § — 0, because the boundary D
is smooth. Therefore, denoting V (7) the volume of 7.A(t) x (1 —7)A(t + §) and
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using (4.5), we get
VN (1 4 %5) _VUN@) — VN (1 4 5)

1 YN 5
> 2 (V(E) + 52N—1/2K05(t)> —VYN©) = V'N(1) + 0(6?)
262Ky S(t)
Nl/Qf/l—l/N(%)
+ 0(6?) = 262K C(t)VYN(t) + 0(6?).

= 2N~ VN () - TN () +

262Ky S(t)
= N12VI-UN(t + 14)

+ 0(6?)

Here we have used the inequality 2V1/N (%) — VV/N(0) — VY/N(1) > 0, which
follows from the Brunn-Minkowski theorem and the relation V (¢t + $6) = V (t) +
o(1) (as 6 — 0). Then, sending 6 — 0, we obtain the statement of Proposition 1.

Proof of Lemma 1 Since log H(x) is a concave function of z, Hn ,(J, h, z,¢€) is

the convex function of J, satisfying (2.3). Since log H(z) < 0 for any z, (2.4) is
also fulfilled. To prove (2.5) let us write

3
2 (1) ¢(v) 2 2
IVHN (DI < 772 > M AL A, + 317 (hh) + 32°(, )

(AR
< conste™" | DA% +2(J,J) + h*(hh) (4.6)
I
—1/2 (»)
< conste ! [pC* — ZlogH <k — %) +h%+ zQ(J,J)]a
"

where we denote for simplicity A, = A <k: — %‘W) , with the function
A(z) defined in (3.51). The second inequality in (4.6) is based on the first line
of (3.21), the third inequality is valid by the virtue of the bound 1A4%(z) <
—log H(z) + C*, with some constant C*, and the last inequality is valid due to
the second line of (3.21).

Taking into account (2.4) one can conclude also, that for any U there exists
some N-independent constant C(U), such that (J,J) < NC(U), if Hyp(J) <
NU. Thus, we can derive from (4.6) that under conditions (3.21) (2.5) is fulfilled.
Besides, due to the inequality log H(z) > C} — 32, it is easy to obtain that

1
Inp(k,h,z,e) > Cf + N logdet(e 2X + zI),

0 (2.6) is also fulfilled.
Hence, we have proved that under conditions (3.21) the norm of the matrix

D = {(JiJ;) 2;:1 is bounded by some N-independent C(z,¢). Then with the
same probability

N
N> (Jid;)? = NTI'TD? < Cz,e),

i,j=1
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which implies (3.22).
To prove (3.23) let us observe that
(B(In| = N'en)) = (B(le| = ex))w.o), (4.7)

where (...)w,) is defined in (3.3)- (3.7) with e = (0,...,0,1). For the function
sy (U, c), defined by (3.5), we get

yty2d TN T) expA=Hn (D) ay=0d Ty - dTn s
exp{_HN.p(J)HJN:()dJl . dJN,1
_ hhy

1 p
p=1

0
<%5N(Ua 0))w,0) =

JN=0

(4.8)
But since (A,)|sy=0 does not depend on fj(\’,‘), by using the standard Chebyshev
inequality, we obtain that

prob {l%smu 0ol > sN} < eV — sl N (1)

On the other hand, since sy (U, ¢) is a concave function of U, ¢ satisfying (3.13),
denoting ¢n (U, c) = sy(U,c) — U — (sy(U*,c¢*) — U*) for any (U,c) ~ (U*,c*)
one can write

O sn (U, &)U —U*). (4.10)

Col(U =T+ (e =€) < = prbw(Use)e= ") = o

Multiplying this inequality by eV¢~¥(U:¢) and integrating with respect to U, we
obtain for ¢ =0

0
Cole")? < ¢ (—sn (U, 0))wo) + OV ).

Therefore, taking into account (4.9), we get that, if 3.21 is fulfilled, then
Prob {|c*| > ETN} < e Crlog® N, (4.11)

But, using the Laplace method, we get easily

Combining this inequality with (4.7) and using the symmetry with respect to
Ji,...,Jn, we obtain (3.23).

Proof of Proposition 2 Applying Lemma 2 to the sequences fn,, p.. and fn,, p..—1
as a functions of z, we obtain immediately relations (3.33) for Ry, ;.. for all z,

where the limiting free energy f(z, h) has continuous first derivative with respect
to z. Besides, since for all A € (—1,1) and arbitrarily small § > 0

NE {071 (F N (2 = 0) = e (2 — 20)) } < B {log (exp {ANZ1(J, J)})}
SAE{(87 (N (2 4 20) = I (2 4 9)) }
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we obtain that E {log {(exp{\(N;*(J,J)}) — BN, p..)} — 0O for all such z and

all A € (—1,1). Using Remark 3, "We can derive then that
() = E {{exp {\(N;'(J,J) — BN, p) 1)} — 1.

Then, since it follows from Remark 3 that f,gB) (M) is bounded uniformly in m
and A, we derive that f,/ (\) — 0 and, taking here A\ = 0, obtain (3.35).
To derive relations (3.33) for gy we consider fn, p. and fn, p.-1asa

msPm

functions of h, derive from Lemma 2 that

B{(Na (0, (D)) = B AN (0, (D)) }) 7} 0
and therefore

E{(Ny' (0 (TN p) = EANL (0 AT N, 00) ) N (DN s AT N 9 )} = O

Integrating it with respect to h;, we get

E {(qu \Pm aNm 7pm - (RBn,, \Pm RNm 7pm))qu ,pm}

N2 Z { <JJ’>}‘

3,j=1

Using relations (3.22) and (3.27) we derive now (3.33) for g,

msPm *

Proof of Lemma 3 Let us note that, by the virtue of Lemma 1, computing
4

én(e1,k1), do.n(1,k1) with probability more than (1 — e~“2196" V) we can re-

strict all the integrals with respect to J by the domain

Oy = {5l <enN'2, (1 =1,...,N),(J,J) < NR}

In this case the error for ¢ (g1, k1) and ¢g (€1, k1) will be of the order O(Ne=“ log? N,
So below in the proof of Lemma 3 we denote by (...),—1 the Gibbs measure,
corresponding to the Hamiltonian Hy p—1 in the domain (2. In this case the
inequalities (3.22) are also valid, because their 1.h.s., comparing with those, com-

puting in the whole RV, have the errors of the order O(N2e=C1108” N

We start from the proof of the first line of (3.38). To this end consider the
functions

Ey(t) = (BN-2(€W,0) - 1),
Fon () = H (U2 (0) (V12600 (D)ym1) = 1))

Un(u) = (exp {iu(€®, HN-1/2}) (412
p—1
2
to,n (u) = exp {—%(RMp—l - qN,p—l)}
Take L = ;7—. According to the Lyapunov theorem (see [Lo]),
2 [t 1 const
max [Fn (1) — Fon ()] < — [ u™ dulyn(u) — o ()| + —F (4.13)
-L
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Since evidently

on(er k) =€) [H(e, " (ky — ))dFn(t),
don(er, k) =&,/ fH(5f1/2(k1 —t))dFy N (1),

we obtain

|én (1, k1) = gon(er, k)| < max |Fy(t) — Fon(t)] const. (4.14)

Thus, using (4.13), we have got

1
E{|¢n(e1. k1) — ¢o.n(e1,k1)|*} < const (Z + 1 + ),

n=e{f Cuhn () - oy ()}

(4.15)
I = dudu® B { (o (u®) = o, (uV)
1< [u |, |u®|<L _
'(d’N(U(?)) - 1/)0,N(U(2)))} .
Consider
V=g, / du® du® e (uD) P ()
1<|uM|,|u@|<L
N _ r(1 7(2
= fl<\u(1)\7\u(2)\<L du™ du'® <Hj:1 cos N~/ (“(1)‘]]( = “(Q)JJ(' ))>p71

(4.16)
We would like to prove that one can substitute the product of cos(a;) in (4.16)
by the product of exp{—a?/2}. So we should estimate

B N ~ . .
A=E {f1<|u<1>|,|u<2>|<L du du®@ <[Hj:1 cos N-1/2 (u(l)J](l) _ U(Q)J](z))

. . 2
e ey )
p_

(4.17)
Let us denote

g(n) =y (log cos N~1/27 (uﬂ)j](l) _ u(2)j](2))

i
2

T (1) 7(D) 2 7(2) 2
+ N (u JJ u J] ) .
Then

1Al =

/ D @ (91 _ c9(0)y

1<]uM|,|lu®|<L

< / du™ du® <|g(1) — g(0)] (W) 4 e9(0) (4.18)
|[uM ], |u(®) | <L

. oy 2
exp {—ﬁ (u(l)J;l) — u(Q)J](z)) }> .
e
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But since g(0), ¢'(0), g"(0), "' (0) = 0,

t . . 4
9V < S S (w Y +u® )

M) +N71(“](2)’j(2))) (|u<1)|4 n |u(2)|4)] _

l9(1) = 9(0)] <
< const ey [(Nfl(

Besides, using the inequality (valid for any |z| < F)

x2 22

o<z
5 S

1
ogcoszT + %

we obtain that
1 . . 2
1690 4 0] < 2 exp { Ly (0D + 0@ 5) } _

Thus, we get from (4.18) |A] < const e%. Hence, we have proved that

(1,2)
2
1= [ autaut <exp 5 3 A O > FO(R), (4.19)
l,m=1
s p—1

Now, taking into account that Proposition 2 implies
1,2)

> s{(an-aw),

m,l=1,2

}—)0, (N = 0),

where A; = 0. (BN p—1 — gN,p—1), We obtain immediately that

/ au®du® B {1 (a0 ()}
1<|uM|,|u@ |<L

= dudu® B {upo,x (1), (u®) } + o(1),
1<u®],Ju®|<L ’

By the same way one can prove also

® [ i B { (u ) (u) )
1<|uM],|u@|<L ’

duVdu® B {0, (D)o w (u®) } + o(1),

1<u® | |u@|<L

which gives us that I, = o(1). Similarly one can prove that I; = o(1). Then,
using (4.15), we obtain the first line of (3.38).
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To prove the second line of (3.%8) we denote by A = (¢n(e1,k1)), B =
(do,n(e1, k1)), En = B{(A — B)*}, L = |logén|éy'/* and write

E{|logA—1logB|*} <E {9@ A M8(L - B Y)(|log A — log B|2}
+2F {(9@ — A=Y 4+ 6(L — B~1)))(log? A + log? B)} < (4.20)

AL2E{(A - B)?} + 4|log L|2E {(log" A + log" B)}
< 4éNL7% + |log L|~2 const < const |log L|~3/2.

Here we have used the inequality
|log A —logB| <|A—B|(A™* + B 1),

the first line of (3.38) and the fact that E{log® A}, E{log" B} are bounded (it
can be obtained similarly to (3.28)-(3.29)). Since we have proved above that
En — 0, as N — oc, inequality (4.20) implies the second line of (3.38). The
third and the fourth line of (3.38) can be derived in the usual way (see e.g.
[P-S-T2]) from the second line by using the fact that functions log¢n(e1, k1)
and log ¢o n(c1, k1) are convex with respect to e7 " and k.

The convergence in distribution N~1/2(¢® (J),_1) = /gy u follows from
the central limit theorem (see, e.g. the book [Lo]), because (J),—1 does not
depend on £(P) and the Lindenberg condition is fulfilled:

1
N2 Z(Ji>§—1 < conste.
i

Thus, to finish the proof of Lemma 3 we are left to prove (3.40). It can be
easily done, e.g. for 4 = p and v = p — 1, if we in the same manner as above
consider the functions

¢§\2[) (ElaEQaklakQ) = /

z1,22>0

5 (VD) - ko))

1
dzridzs <exp {—E(N—l/%g(p), J) -z — k1)2

v (4.21)

E)?])V(Elaééa k17 k?)

_ (5152)1/2H<N—1/2(£(P), (J)p=2) — k1>H<N—1/2(£(P—1), (S)p—2) — k2>

Ujlv/;—2(51) Ujlv/;—2(52)

(4.22)
and prove for them analog of relations (3.38). Then relations (3.40) will follow
immediately. The self-averaging property for Uy and ¢y follows from the fact
that ¢((f])\,(51,52, k1, k2) is a product of two independent functions.

Proof of Proposition 3. It is easy to see, that equations (3.54) have the form

OF __ OF
3 O(En), R O(en), (4.23)
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where F(q, R) is defined by (2.15).
Let us make the change of variables s = g(R+¢—¢q)~'. Then equations (4.23)
take the form

oF _ OF _
3 = O(En), R OEn), (4.24)
where Zx = |En| + €| and
F(s,R) _aE{logH<u\/_+ i 1+S>}
(4.25)
1s(R ) z h? €s
Em —log(R—Es)——log(l—%—s)—ER-{—?1+S
Then (4.24) can be written in the form
9 (R+¢)? W P
fi(s,R) = E{A }+ o S(S+1)(R+5) =0EnN),
_ ak\/1+s es(s+1) 1 h? PN
fa(s, B) = (R+s)3/2E{ } (R—68)2 TR tir1 7T OEw),
(4.26)

where the function A(z) is defined by (3.51) and to simplify formulae we here
and below omit the arguments of functions A and A’. Below we shall use also
the corollary from equations (4.26) of the form (cf.(3.47))

(R, s) = ;{1‘2 (5 +; - aE{A’}) — 2= O0@w). (4.27)
But
%fl(s,R) - —EE{< V5 + Wﬁ A’A} + %E{AQ}
LPETT S)I%k(s Tyl AL+ R+§s)) 3 Zzgs—;)l?) (B+e)> Z_‘jR‘

(4.28)
Here we have used the inequalities (see [A]):

2+4
Az) < %ﬂ = A2(z) — 2A'(2)A(z) = A%(2)(1 + 2% — 2A(z)) > O,
(4.29)
which gives us that the sum of the first two terms in (4.28) is positive. Therefore

we conclude, that equation %(S,R) = 0 for any R has a unique solution s =
s(R) and, if we consider the first of equations (4.24), then its solution s; (R) for
any R behave like

s1(R) = s(R) + O(En).- (4.30)
On the other hand,

O*F _ 3akyVs+1 ak?(s+1) ;R —3es—2s%
2ggz 5 1) = =3 2(R + )5/2E{ }_2(R+ 3 E{AT) - (R —es)3

(4.31)
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Thus, if we prove that

3e(1+s)? < =R, (4.32)

N =

we get
PF R

=53 (8, R) < TR —es)

e (4.33)

and then obtain that the function ¢(R) = F(s(R), R) is concave. So the equation
¢’ (R) = 0 has the unique solution R*(a, k) which is a maximum of ¢(R). Besides,
in view of (4.33) the solution of equation ¢'(R) = O(én) has the form R =
R*+ O(én). But in view of (4.30) the second equation of (4.24) can be rewritten
in the above form. Therefore its solution tends to R*(a, k) as €y — 0.

Thus, our goal is to prove (4.32).

Denote
F=k(s(R+¢)""2(1+5)/2, D=+/al(k) — aH(—k) W
L(F) = A [t R2%e2du = e B2y (L4 BDH(-R).
We shall use the inequalities
812(];7) + K < E{Az} < SIQ(Z/') +Ki(1 +];?2)~+K282/3 35)
H(—k) < E{A"} < H(=k) + K35 /3¢ ¥ /3, :
and for 2 <a <ag <2
— oH(-k)
T oH(=k als(—Fk
i RVl (4.36)

x | (kA(=k) + k* +1 - 2H(=k)) + (2 — )H(=k)| > K.

Here Ki 534 do not depend on s,k, and to obtain (4.36) we have used the
inequality

EA(=k) + k> +1—2H(—k) > (1 - ;)kz,

which we have checked numerically.
We study first the case when & # 0.
R R 2
Consider R > Ke~'/3, where K = min{zl—4; %}. For such R, using the first
lines of (4.26) and (4.35), we get

~ 2 h2
sfi(R,s) > —a(sh(k) + Kys*/® + 2K1) + S((Ifjs? 2 145
=5 < (194 - 0(/) (2K, +h? + Kgsz):") + 1] (4.37)

= s < Fl(ao,h).

It is evident, that there exists 7 (ap, h) such that for any e < e7(ao, h) the last
inequality in (4.37) under condition R > Ke~ /3 implies (4.32).
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Consider now R < Ke~'/3. If a < 1, then (4.35) and (4.27) imply

1 R+e¢ 1+s R+e¢ 1 1+s
= aE{A
YRty ey i S e (4.38)
1 .
§25_1/3.

aE{A"} < =

R—es

IfR< %5*1/3 then evidently there exists €3, such that for any ¢ < 3 and any
< 1 (4.32) follows from (4.38).
Let now + < a < ao < 2. The first equation of (4.26), (4.27) and the
inequalities (4.35)

_1+s( R+e _ , 1+s 2 ,
_R+5<R—Es aE{A}>>R+E<\/aE{A} aE{A})
R: <D Kys~ /3 /3 (4.39)

1+s 72
D — Ka(1 —1/3 _—k*/3 < —1/3
= R+5< 3(1+s) e <e ,

where D is defined by (4.34). Inequalities (4.39) and (4.36) give us two possibil-
ities
(i) Kgs™'/3emhe/8 < Ba = gts B < o=1/3
= 3e(1+ )% <12K;%e/3(R +¢)? and R > K['el/? — ¢
) Ko e B> Ko o iy <0 =
= 3e(1+3)* < 36K52(R+ ) and R > K.

(4.40)

One can see easily, that there exists €3(ag, k) such that for any a < ag, € < &}
2
under condition R < 54£1/3 (4.40) imply (4.32).
Hence, we have proved (4.32) for any a < ag, € < €*(ao, k, h) = min{e}, 5,5}
(k #0).
Now to finish the proof of Proposition 3 we are left to prove (4.32) for k = 0.

Since the only place above, where we have used that k& # 0 is the case (ii) of
(4.40), it is enough to prove that equations (4.26) for k£ = 0 imply

1
R> (- B (4.41)
But for k£ = 0 the second equation in (4.26) is quadratic with respect R with the
first root, satisfying the bound (4.41) and the second root R = es(s+2)+0(g22).
Substituting the second root in the first equation of (4.26), we obtain

2

aE{A%} + SZ [ =st2+ 571+ 0(ez). (4.42)

But using the first inequality in (4.29) we have got E{A*} < =2 (k = 0).
Therefore for any small enough h there exists £*(ag, h) such that for any a <
ag < 2 (4.42) has no solutions. So we have proved (4.41) which, as it was
mentioned below implies the statement of Proposition 3 for & = 0.

Proposition 3 is proven.
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Proof of Proposition 4.

One can see easily that, if we want to study min.{F(a,k,0,z,e) + %}, then we
should consider the system (4.26) with zeros in the r.h.s. and with the additional
equation

%F(a,k,O,z,s):l@Rzl

Thus, we need to substitute R = 1, in the first equation. Since the l.h.s. of this
equation for ¢ = 0 is an increasing function which tends to 1 — aa;! > 0, as
s — oo, there exist the unique s*, which is the solution of this equation. Then,
choosing ¢ small enough, it is easy to obtain, that s(¢) is in some e-neighbourhood
of s* and therefore s(e) < 5(k,a). Then,

substituting this s(¢) in the second equation, we get the e-independent bound
for z.

Proof of Lemma 4. Repeating conclusions (3.3)-(3.6) of the proof of Theorem 1,
one can see that

B — k) = (B(c = kN"*)) w,0), (4.43)

where (...)w,) are defined by (3.7) (see also (3.3), (3.5) for I'v = .Q](\’,f;l),
Dy = HY) and ¢ = N=' Y M T We denote ¢ (c,U) = (s%(c,U) — U —
(ss\‘,‘) (¢*,U*)=U")), where ss\‘,‘) (c,U) is defined by (3.5) and (c¢*,U*) is the point

of maximum of the function s%) (¢,U)-U.

Applying Theorem 1, we found that sg\‘;) (c,U) is a concave function of (¢,U)

and it satisfies (3.14).
Denote
Ay ={(U,¢) : NoW (c,U) > M}, e ={(Uyc):¢* <c <&}, (4.44)

and let for any measurable B C R* m(B) = (x5(c,U))wv,c)-
To prove Lemma 4 we use the following statement:
Proposition 5. If the function gbs(,‘) (c,U) is concave and satisfies inequality

(8.14), ¢,& > ¢*, and the constant A < _2(%/:*) maxgy (]55\‘,‘) (¢,U), then

_ X\, ANY2¢
(0(c — e ) )(U,e) < 9eVNAZ (4.45)
{0(c =N w.e)
and for any M < —4

— 1 mAyNHez) 1
Ay) <=, —————— 2 4.46
m(du) < 3 m(Ap N e o) — 4 (1.46)
The proof of this Proposition is given after the proof of Lemma 4.
Let us choose any ¢ > ¢* and A = —2(1\5’%/;) maxy gb%) (¢,U). Using (4.45), we

get

e - B(c — &)eAN' ey
eAN/ (C*C) — 0 Co — C c + < —~ ( 7C)
< >(U,c) < ( 2 )>(U7 ) <0(C - c))(U,c)

<A{B(e2 — €))v,e) + 2(0(c — 2))(v,e) £ 2

(0(c—c2))w,e)

(4.47)
On the other hand, we shall prove below
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Proposition 6. For any |A| < O(log N)

9(4) = log (exp{AN/2(c = ())}) 1, = log (exp{AN"1/2(0), 1)} )
:A—;<(J,J)>A+RN, E{Ry} = O(A1SN-2).

o

(4.48)
It follows from this proposition that the probability to have for all
A; = +1,..., £[log N] the inequalities
AR > <exp {AiN1/2(c— (c))}> > AiD?/4 (4.49)
(Ue)

is more than P, > 1 — O(N~3/2). Therefore, using that log(exp{AN'/?(c —
(e))})(w,e) is a convex function of A, and this function is zero for A = 0, one can
conclude that with the same probability for any A: 1< |4| <logN

ARG > <exp {AN1/2(C - (c))}>(UC) > ATD?/8, (4.50)

The first of these inequalities implies, in particular, that for any 0 < L < log IV

6({c) — LN~/ — ) (,e) o (451)
< maxgso <exp {AN1/2(<C> — LN™-1/2 _ c)})wc) < e~ L7/8Rg '
The same bound is valid for (6(c — (¢) — LN~/?)) ). Thus, assuming that
(¢) > ¢* and denoting Ly = LN'2((c) — ¢*), e1 = (¢) — 2LeN~Y/2 = ¢*,
e = (¢) — LoN~'2, ¢3 = (¢) + LN~/ we can write

1=wwrﬂmu@+uma@>c+<w—@»m@s%4®w? (4.52)
= N|{c) — ¢*|> = 4L% < 16R2.

Here we have used (4.51) and the fact that since ¢S\‘,‘) (U, ¢) is a concave function
and (U*,¢*) is the point of its maximum, we have for any d > 0 and ¢ > ¢*

(Xz,z+a(Q))(U.e) £ (Xer,er+d(€))w,e) = o
<X62,(c) (c)>(U,c)a <X<c),03 (c)>(U,c) < <XC*,62 (c)>(U,c) < <0(C* - c))(U,c) < e_LO(/SRO )
4.53
The case {c) < ¢* can be studied similarly. We would like to stress here, that
Theorem 1 also allows us to estimate N|(c) — c*|?, but this estimate can depend
on e.
Now let us come back to (4.47). In view of (4.50) for our choice of A

A2D? 8N'/2(é—{(c)) + 4D

— ANY2(E— () <log2=> A<

7(€=()’ +3({c) —¢)> 4 (E=()? K
2 D2 NZ W~ N

ﬁm{z}xqﬁg\‘;)(é,U)Z— N
(4.54)
with some N, u,e-independent K.

Let us take L; = 8Rg and & > (¢)+L; N~'/2. Consider M (¢) = N maxy gbg(;) ({e)+
2(¢={9)),U)
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If M (&) < —4, consider the sets
I ={(U,¢):e>ée}, Ih={Uc):{c)—L1N'/?<c<i} (4.55)
Applying (4.46) and (4.51), we get

3 3

m(Il UIIz) > 1 m(AM(g)) > 1
1 _ _
= m(AM(~) N (Hl UHQ)) > 5 > m(/l i(2) U (Hl ﬂHQ))
B — e > m(A g NIL) (4.56)
—0))(U,e) 2 = =——
W)= (Ao N (L U IL)) + m(A gy ) U (T N 1T2))
m(Ayz N 1L) S 1

> Vit b
where we denote by S » the Lebesgue measure of AM(@) N 11,2, and use the fact
that 0 > N\ (U, c) > M(&).

Consider the point ({c)+2(¢—{(c)),U;), found from the condition Nd)g\‘;) ((e)+
2(¢—{c)),Uy) = M(¢) and two points (¢, Us), (¢,Us) which belong to the bound-
ary of Ay . Since Ay ;) is a convex set, if we draw two straight lines through
the first and the second and the first and the third points and denote by 7' the
domain between these lines, then TNII; C AM(@) NII; and AM(E) NI, C TNII.
Therefore

S1 (@—{c))? 1
- > > —. 4.57
So T (26 —Ac)) + L1)? = (E—(c))? — 8 (457)
Thus, we derive from (4.56):
(0l = ey > — (458)
c—-¢ (Uy,e) Z 261\}[(5) + 16 .

If M(¢) > —4, let us chose ¢; > ¢*, which satisfies condition N maxy ¢S\‘,‘) (2¢1,U) =
—4 (c1 > (¢) + 2(¢ — (c))). Replacing in the above consideration Ay by A_4,
we finish the proof of the first line of (3.59).

To prove the second line of (3.59) we choose any ¢; > ¢* + LiN~'/2, which
satisfies the condition N maxg qﬁ%” (2¢1,U) < —4, denote d = 2¢'/*N~1/2 and
write similarly to (4.56)

m(/L4 N HC*’C*+d) + m(/l,4 N Hc*,c*+d)
m(A_y NI+ oo tq)
5m(/1_4 N HC*’C*+d)
o 4m(/1_4 N Hc*7c*+d)
(¢t —¢*)? = (¢ — ¢ —d)?
(c1 —c* —d)?

(Xer,er4a(0))(Ue) <

(4.59)

48 4
<5 e <&/,
45, 4
where we denote by 5’1,2 the Lebesgue measures of A_4 N ﬁc*’c*_i_d and A_4 N
I« c«1q respectively. Now, using the first line of (4.53), we obtain the second

line of (3.59). Lemma 4 is proven.
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Proof of Proposition 5
Let us introduce new variables p = /(c — ¢*)2 + (U — U*)?,

— . U-U* (1) : :
(¢ = arcsin Y Cer e Then ¢y’ (p, @) for any ¢ is a concave function

of p. Let r(¢) be defined from the condition Nd)g\‘;) (r(v),¢) = M. Consider
da(p, ) =771 () - S\‘,‘) (r(y),p)p. Since gb%) (p, ) is concave, we obtain that

6% (0,0) < n(p, ), p 2 7(9).

Thus, denoting by R the Lh.s. of the first inequality in (4.46), we get

R S [ o) dpexp{NO (p, o)}

T [dg [, dpexp{ol) (p,0)}
f d(P fp>T(Lp) dp eXp{N¢M(pa ()0)} (1 — M)eM < 1
= Jde [,y dpexp{Nonm(p, )} — 1= (1—M))eM = 4

For the second inequality in (4.46) the proof is the same. To obtain (4.45) let

us remark first that due to the choice of A the function ¢z(p, ) = 5(;) (p,) +

N~1/2 Apcos ¢ for any ¢ is a concave function of p, whose derivative at the point
p = py = ¢|cosp| ! satisfies the condition

d d 168 (pe0) _1d
—(h=~ < — M — _Niw < — M )
dpcﬁc(pw@) < 20 (Pos ) 2 < 2dp¢N (Pos )

Thus, for any ¢ we can write

dpeN@G‘)(p,w)eAN”Q(coswpfé) |d;-lp S\l;) (Pe @) + AN=Y2 cos p| 1

N (p,0)

fp>p¢ d (1) <2
|3, 0N (Per )|

fp>p¢,

This inequality implies (4.45).

Proof of Proposition 6. To prove Proposition 6 we use the method, developed
in [P-S-T2]. Consider the function g(A) defined by (4.48) and let us write the
Taylor expansion up to the second order with respect to ¢ for g(tA) (¢ € [o, 1]).
Then

Ry = A% [} dt(1 —t)g" (tA)dt — L A2g"(0)
= A% [V dt(1—t) [T dt N=32 3 €M, T) i) (4.61)
+A? [T dt(1 - ON T Y, €1 (Jidi) e = RY + RS,

where we denote

() exp{tAN=1/2(¢W) J)}) |
(exp{tAN=1/2(£®), J)})

<"‘)lJ’t =
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Let us estimate

1
(R < v [ dt( S B e
0 i1 FlpFizFia

<(Jv J)Jh)mt((‘]a J)JZ2>IJ«7t<(J7 J)Jm)u,t((Ja J)JZ4>,U«7t}
6 S0 E{EP I, D) i) AT, I) i)l (T T) i)t

i1 FiaFi3
33" BUJL D)2 (4, 0)di)2 )
i1 £
4N BLEMEM (T, )03 (T D) it + ZE{<<J,J>Ji1>ﬁ,t}).
i17#42 1

(4.62)
Now, using the formula of integration by parts (3.43), taking into account that

in our case ﬁ = Ath='N—1/2_2and then using integrations by parts with

respect to the Gaussian variable h;, one can substitute

E{€M (. Yo} = AthT'N='2E{hi{.. Yo} (4.63)
+NTPABOEL(I)? (- ewd)-
Thus, for the first sum in (4.62), we obtain
L. 4
E{Zl} < B4 A16 8 f(]l dtE { (le hi1<(JaJ)Ji1>u,t) } + O(AISN—:;)

. 2 -
<noton 2 flas { (NS, i) (37
< const A N2,

(4.64)
Here to estimate the errors term in (4.63) we use that, according to Theorem 1

(see (2.8)), for any fixed p E{(J"),} is bounded by N-independent constant.

Other sums in the r.h.s. of (4.62) and E{(R\)*} can be estimated similarly
to (4.64).
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