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Abstract

We prove central limit theorem for linear eigenvalue statistics of orthogonally invariant
ensembles of random matrices with one interval limiting spectrum. We consider ensembles
with real analytic potentials and test functions with two bounded derivatives.

1 Introduction and main result

In this paper we consider ensembles of n X n real symmetric matrices M with the probability
distribution

Py(M)dM = Z, exp{—%TrV(M)}dM, (1.1)

where Z,, g is the normalization constant, V' : R — R, is a Holder function satisfying the
condition

[V(A)| > 2(1 4 ¢€)log(1 + |A]). (1.2)

and dM means the Lebesgue measure on the algebraically independent entries of M. In the
case of real symmetric matrices § = 1. But since it is interesting to compare the results with
the case Hermitian matrix models, where 5 = 2, we keep the parameter 3 in (1.1).

Let {\;}!'_; be eigenvalues of M. Then it is well known (see [9]) that the joint distribution
of {\;}_, has the density

PO ) = @ hesn (=S VO TT Iy - al (1.3
=1

1<j<k<n

where @, g is the normalizing constant.
The Normalized Counting Measure (NCM) of eigenvalues for any interval A C R is defined
as

No(A) = #{\ € A/, (1.4)

It is known [3, [§] that for any 5 N,(A) converges weakly in probability to a non random
measure N(A), and the limiting measure N can be found as a unique minimum of some
functional on the set of non negative unit measures. The extremum point equation for this
functional gives us in the case of Holder V'

V'(\) = 2/ pA(“_)CZ‘, A€o, (1.5)

where p is the density of N and o is the support of N.



For all ¢ : R — R consider a linear statistics

Nulp] = o(A1) + -+ 0(An).

It follows from the results of [3, 8] that if V' is a Holder function, then

lim n~ N, [p] = /go()\)N(d)\).

n—oo

Consider the fluctuation of linear eigenvalue statistics
Nplg] = N[ = E{Nu[]}. (1.6)

For Hermitian matrix models it was proved by Johansson [8] that if V' is a real analytic
function and the limiting spectrum o = [—2,2], then for any ¢ € Ci[—d — 2,2 + d] N,[¢]
converges in distribution, as n — oo, to a Gaussian random variable. The limiting variance

is the limit, as n — oo, of
Var,[p; V] = E{N;[¢]} = n(n - 1) /d)‘ld/\2pgfg)()\la dA2)p(M)p(A2)

2
+n/ﬁkéﬂﬂnﬁOn—#</ﬁMé2MﬁﬂMO- (1.7)

Here and below we denote by pl(%) the Ith marginal density

P s A1) = /d)\lH...d)\npn()\l,...,/\n). (1.8)

A key role in the proof of CLT and also in the most of studies of Hermitian matrix models
belongs to the orthogonal polynomials technics, which allows to write all marginal densities
as

n n—1)!
pl(g)()\l,...,)\l):( - ) det { K, (Aj, M) et (1.9)

where .
Ko V) =3 M 00" (). (1.10)

=0

is a reproducing kernel of the orthonormal system,
G 0) = w2p ), 1=0,.. (1.11)

(n)

p, , 1 =0,... are orthogonal polynomials on R associated with the weight w,()\) = e~V

/Pz(”)(/\)p%‘)@)wn(/\)d/\ = Otm-
In the Hermitian case it can be proved that
2

72 108 E{e™¥} = Var{N,[p; V + ty/n]}

— [ dimdiatita) = plua) PR,V + o). (112



Hence, to prove CLT we are faced with the problem to study the last integral or to prove
that K,, does not depend on the ”small perturbation” t¢/n in the limit n — co. For unitary
matrix models it is true only in the case (see [8]), when the support of N ( limiting NCM)
consists of one interval. If the limiting support consists of two or more intervals, then the
r.h.s. of (1.12) has no limit, as n — oo (see [11]).

In the case of real symmetric matrix models the situation is more complicated. According
to the result of [18], to study the marginal densities we need to study a matrix kernel of the

form ( ) ( )
. So(A ) Sed(\, p >
Kpi(\p) = , 1.13
1) ( ISy () Saln ) (1.13)
where .
Su i) = — > P AN MOD) L nepl™) (), (1.14)
i,5=0
with
MO = (e My = n(el™ ep™). (1.15)
Here and below we denote
1
€)= iz efO) = [ eh = () (1.16)
If we know K, (A, 1), then
n — ! o' S
pl(,1)<)‘17 s AL) = (n—b) det'?{I + K,,3},

n! 8(,0()\1) A 8(,0()\[)

where @ is the operator of multiplication by ¢ and K, : Lo[R] @ Lo[R] — Lao[R] @ Ly[R] is an
integral operator with the matrix kernel K, (\, u).
In particular,

PO = —TeR,(\ ),
w, 2n - R R R (1.17)
A = e [ TR (A N TER (1, 1) = 2Te R (O, 1) o1, 1))

Below we will use also the following representation of the variance Var{N,[¢1;V]}

Proposition 1
1 ~ ~
Var{Na[p:];V} = 7 /duldﬂz(%(m) — @1(p2))’tr (Kn(m,m)Kn(M27u1)) (1.18)

The structure of the matrix kernel IA(n is studied only for a few particular ensembles. The
case of GOE it was considered in [18]. The case V()\) = A?™ for natural m was studied in
[6]. The case V(A) = 1A — 2)? was studied in [17].

Let us set our main conditions.

C1. V/()) satisfies (1.2) and is an even analytic function in

Qd,di1] ={z:—-2-2d <Rz <2+2d, |Sz|<di}, d,dy >0. (1.19)



C2. The support o of IDS of the ensemble consists of a single interval:
o=1[-2,2].

C3. DOS p()\) is strictly positive in the internal points A € (—=2,2) and p(\) ~ |\ F 2|V/2,
as A ~ £2.

C4. The function
u(h) =2 [ loglp = Mp(u)du — VO (1.20)
achieves its maximum if and only if X € 0.

It is proved in [2] that these conditions imply that

p(N) = TPO)Va - N1, (121)
where
_ L V-V g 1 [T V'(2) = V'(2cosy)
PO 5l ¢ @7 /_ i—2emy W (12

Here the contour £ C §2[d, d;] and £ contains inside the interval (—2,2). It is evident that P
is an analytic function in Q[2d/3,2d;/3] and P(\) > ¢ > 0, A € 0.

Under these conditions it was proved in [16] that there exists an n- independent C' such
that for even n ||(M©™)~1| < C and

where
) =n S0 AT (Nepl™ (), (1.24)
|k|,j]<21og? n
n—1
~ n n n n —C 27’1
() = 3 ERI Ve (), (€N < emeloEt (1.25)
4,k=0

Here and below we denote by ¢, C, Cy, C1, ... positive n-independent constants (different in
different formulas).

Besides,
IS0(0 1) = /G(A N K (N, @)dN + Trn(\ 1), +Iin (0, 1), (1.26)
where
Irp(A\p) = /e()\ — N)rpn(N,w)dN,  If, (M p) = /6()\ — NP (N, p)dN, (1.27)
and
Sud(M 1) = — - 1) + oA ) + a0 1) (1.28)
n 7/“[/ - au n 7:u‘ 8/,Lrn 7lu‘ 8/,Lrn 7lu‘ . .

The main result of the present paper is

Theorem 1 Consider the orthogonally invariant ensemble of random matrices defined by
(1.1)-(1.3) with V satisfying conditions C1-C4. Then for any ¢ € Ci[—2 —€,2 + €], grow-
ing not faster than polynomial at infinity, fluctuations of linear statistics (1.6) converge in
distribution, as n — oo, to a Gaussian random variable with zero mean and the variance
Var|p; V], where

Var|p; V] = n11—>120 Var, [p; V]. (1.29)



2 Proof of the main results

Proof of Proposition 1/ . By definition and (1.17) we have

Var,[p; V] = n(n— 1) / axdp ) O 1o (Np(pe) + 1 / AV
—n? / dAdppt (VP! (1) (N ()

/d)\trf(n()\,)\)ch()\) (2.1)

= _% /d)\dutr (IA{n(A,u)f{n(u,A)) (M) e(p) +%

But since

/ dup!") () = 1, / dup$ O\ ) = pi (),
we obtain
1 . . . .
2//d)\trKn()\,)\) _ 1, /d)\dutr (Kn()\,u)Kn(u, /\)) = tr Kn(\ )
Using this expression in (2.1) we get (1.18)). O
The proof of Theorem (1] is based on the following lemma
Lemma 1 Let for any ¢ € Ci[oq], where o4 = [—d — 2,2+ d]
Var, [(P; V] < Cmax ’()0/’27 (22)
o4
and for any polynomial ¢ and any |t| < A
E{eith[ga]} . eft2Var[ga;V]/27 (2.3)

Then for any ¢ € Cy[og] the limit in (1.29) exists and (2.3) is valid.

Proof. Since p € Ci[oy4], for any £ > 0 there exists ¢ and 9, such that ¢ = @1 + 9, ¢1 is
a polynomial and |¢}| < ¢, it follows from (2.2) and the Schwarz inequality that there exists
C > 0 independent of € and n

[Var, [¢; V] — Var,[p1; V]| < Ce
Besides, for any other choice ¢; and @y such that ¢ = @1 + P9, |P5] < £1, we have
|Var,[91; V] — Var,[o1; V]| < C(e +£1)

Hence, for any choice of polynomials {¢,}5°; such that max|¢’ — ¢/ | — 0, as n — oo, the
sequence Vary[pi ,; V] is fundamental and have a limit independent of the choice of ¢ .
This imply the existence of the limit in (1.29) and that for any ¢1, p2 € Cioy]

[Var[py; V] = Var[z; V]| < Cmax|e) — b (24)

To prove (2.3) for any ¢ we fixe any £ >, choose 1 and @9 like above and write by the final
increments formula and the Schwarz inequality

|[E{citNulertea]l — p{etinlol}] < |t B{N, [pale™ o602} < AVarl/?[py; V] < CAe



Hence, taking the limit n — oo, we get

e~ PVarleVl/2 _ 0 Ae < liminf E{eitN"[‘p]} < limsup E{eitN"[‘p}} < e VarleVI2 4 oA
n—0o0 n—00
Thus, using (2.4) we get (2.3) for any ¢ € C1[og]. O
The next lemma will help us to prove (2.3) for polynomial .

Lemma 2 Let {¢,(t)}>2 be a sequence of analytic uniformly bounded functions in the circle
Ba = {t: |t| < A}. Assume also that ¢, (t) — ¢(t) for any real t, and ¢(t) is also analytic
function in Ba. Then ¢n(t) — ¢(t) for allt € By.

Proof. The proof of the lemma is very simple. According to the Arcella theorem, the
sequence {¢,(t)} is weakly compact in B4. But according to the uniqueness theorem, the
limit of any convergent in B4 subsequence {¢y,, ()} must coincide with ¢(t). Hence we obtain
the assertion of the lemma.lJ

Proof of Theorem 1/ According to the results of [2] and [13], if we restrict the integration
in (1.3) by |Ai| < 2+ d, consider the polynomials {p,(cn’d)}zozo orthogonal on the interval
04 = [-2—d,2+d] with the weight e and set w,(cn’d) = e‘”vﬂp,(g"’d), then for £ <n(1+¢)
with some € > 0

n,d n —n n —n
sup [V () — PN < e sup M (V)] < e (2.5)
Aeoy IN|>2+d/2

Hence, if Mgo’n) and S, q are constructed as in (1.15) and (1.14) for o4, then
M = MO < 7€) ma| Sy a(h 1) = S\ )] < 7€
o4

Therefore from the very beginning we can take all integrals in (1.3)), (1.8), (1.18), (1.16) and
(1.15) over the interval o4 and then we can study /\/lg)’n) and S, 4(\, p1) instead of M) and
Sn(A, ). But to simplify notations we omit below the index d. Besides, everywhere below
integrals without limits mean the integrals in o4 and the symbols (.,.)2 and ||.||2 mean the
standard scalar product in Lo[oy] and the correspondent norm.

We use Lemma 2| to prove that for polynomial ¢
bn(t) = E{Nnlely _ fPVarlaVl2

where Var|p; V] is defined in (1.29).
It is evident that

60 (D] < |@n([E))] + [@n(=[t])]-

Hence to obtain the uniform bound for {¢,(t)}52, for t € B4 it is enough to find the uniform
bound for {¢,(t)}72, with t € [-A, A]. And to find the last bound and also to prove the
convergence of {¢y(t)}5°, for real ¢ it is enough to prove that the sequence {¢)(t)}5°, is

uniformly bounded for ¢ € [— A, A] and that

lim ¢/ (t) = Var|p; V], tec[-A, Al (2.6)

n—oo

But it is easy to see that
"(t) = Var,[p; V + to/n]. (2.7)



By another words, for our goal it is enough to prove that under conditions of Theorem 1
lim Var,[p;V +ty/n] = Var,[p; V]. (2.8)
n—oo

Let us first to transform the expression for Var,[f;V + t¢/n| given by Proposition [I. Using
0

(1.23)-(1.28)) and integrating by parts in terms, containing 8—[(()\, @), we get
w

2V, | V-ttip /] = [ NS 10050t NVAF~ [ N 5500 1) (11 )= A)
=2 [ axdu K2 AT +3 [ MK ) VAT + [ ddiera (0 ) DA
o ) o ,
[ N TR0 0) = = M)F = [ N 0 . )

- 2/dAdu Ko (N ) (LK (11, A) — (= M)A f' (1) — Q/dkdu Kn (X ) I (p, M)A ' (1)
+ O(max |f|2e 18" ") = oI} + 31, + Iy — Iy — I5 — 215 — 2I7 + O(max | fle 5" ™), (2.9)
where
Ap=fN) = f(w) (2.10)

and O(max |f lze*CIOgQ”) is a contribution of the terms containing integrals of 7, (u, \) of

1.25). Note that all integrated terms here contain M(12 £ d) = O(e ™) (see (2.5)).
k
Hence their contribution is O(e™"¢).

To proceed further let us recall that, by standard arguments, {wl(n)} satisfy the recursion
formula

) = R O) + g )+ I ), 1=0.1 I =0, (211
The Jacobi matrix 7 defined by this recursion plays an important role in our proof.

Lemma 3 Consider wj(.n) and J](n), qj(-n) defined by (2.11)) for the potential V 4 typ/n. Under
conditions of Theorem 1| there exists £ > 0, such that for all |j| < én

Wt 44 (0)¢ 2
(n) _ vty o m ) _ ¢ (0) (@) J —4/3 _
Ty =1+ 5P(0)n +r;, q”+j_2P(O)n+rj ;g ’SC(E—FH ), a=0,1,
(2.12)
for || < nl/?
ewl) e = ST R e lelV |l < Y2 (2.13)
k>0
where g
1 (™ eY%x
= — _ 2.14
R 2 /,r P(2cosx) (2.14)

and the function P is defined in (1.22). Moreover, there exists M;fjmfk such that for any
4], [k| < nl/5

_ N 1 ;
Mnfj,nfk = M;Lk—j,n—k: + O(TL 1/9)7 n—jn—k — Mk*j+1 - 5(1 + (_I)J)M—OO (215)



with
My =1+ (- ZR], M_o =2 Z R;, (2.16)

]7—00

The proof of the lemma is given in the next section.

On the basis of the lemma we can prove now that the last two integrals in the r.h.s. of
(2.9) (I and I7) disappear in the limit n — oco. Using the Christoffel-Darboux formula it
is easy to see that for this goal it is enough to prove that for any polynomial f,g and any
il [k] < log?n

[ xau (2 00 0) = 9P R 0) (T N) = €8 = ) FOg() — 0

(2.17)
[ dndu (2 00 ) = 9D 00 e )b ) FNgl) — 0
We use that
K (1, ) = e(X — 1) = Zew Yy () (2.18)

k=n

in the weak sense. Besides, using the recursion formula (2.11) we obtain easily that for
polynomial f of the degree [

Jj=n+a+l

N = Y faaT ), a=0,1, (2.19)

k=n+a—I

where, according to (2.12), the coefficients fj, 1o ; have finite limits, as n — co. Using (2.18)
and (2.19) in the first integral of (2.17) and integrating with respect to A\, we obtain that the
first integral is equal to a finite sum of the terms

[ nert g, (2.20)

But using the representation of the type (2.19) for the polynomial g we obtain easily that
every term of the type (2.20) is equal to a finite sum of the terms

[ dnedtz sl 0 = 0 M (2.21)

Since by (2.15) M,/ n4; have finite limits as n — oo we obtain the first line of (2.17).

To prove that the second integral in (2.17) tends to zero, we also use (2.19) and its analog
for g. Then we obtain that the second integral is a finite sum with convergent coefficients of
the terms

[ dndu e B Vb2 ) 0) = 1 Mot Mo

Similarly to the above we conclude that all these terms tend to zero and so the second integral
n (2.17) tends to zero.

Lemma 4 Consider the coefficients A from 1.27) defined for the potential V + to/n.
Under conditions of Theorem![1 for any |]| k| < log®n there exists A, 1 independent of t and
such that

AN — Al < OnTY0 (2.22)



Moreover, there exists an n-independent ¢, C' such that
1A | < CemelalFIkD, (2.23)

We prove this lemma in the next section.

According to the above arguments it is clear now that to prove Theorem [1/it is enough to
prove that for any polynomial f there exist limits for all integral I, (« = 1,...,5) from (2.9).
The existence of the limit of I; follows from the result of [§]. Using representation (1.24) and
the Christoffel-Darboux formula it is easy to understand that I can be represented as a sum
of the terms

A2
Tyaci=n [ adn (5000020 =00 el ) w0 ey = (220

It is evident that if f is a polynomial of the [th degree, then

—L = N W),

Ipl,lql<21-1

where fp and g, are some fixed polynomial of the degree less than 2[. Since we have the
bound (2.23)), it is enough to prove that the limit exists for any fixed j, k, as n — oco. But
using for (2.19) for fp and g, and integrating with respect to A, we reduce the existence of the
limit of T5(j, k) to the existence of the limits of M,,_;/ 4 for any fixed j', k, which follows
from Lemma 3l

The existence of the limits of I3 and I5 can be obtained by the same way. To find the limit
of I we use first the relation (2.18), then (2.19) for f and observe that after integration with
respect to A only the finite number of k in the r.h.s. of (2.18)) give us nonzero contribution.
Hence, as above, we reduce the problem to the existence of the limits M,,_; , 4, which follows
from Lemma 3l

To complete the proof of the theorem we are left to prove the estimate (2.2). It is clear
that for this goal it is enough to prove similar estimates for all terms I, a = 1,...7 in (2.9).
For I} we have by the Christoffel-Darboux formula

[ drau 2o} < max P [ dhdp K2 - w2 = 207 e |

A€oy
To prove the estimates for others I, let us prove first the following auxiliary statement

Proposition 2 For any g with ¢ bounded in o4 and any |j|,|k| < 2log®n

g, et 2,00 < Clmax ' + ). (229

Proof of Proposition 2. We start from a simple relation, which follows from the definition
of the operator € (see [1.16). For any integrable f, g

[ L0V = [ alLogs)a = 5 [ MdaA=lf Vg (226)



In particular, using a simple observation that |A—pu| = (A—p)e(A—p) and then the definition
(L.15), we get

n n 1 n n
[ DN 00 = Lt a(Ly )2

1 n n n
- (J]( )M 41k + J( ) M1 — J( )Mj,k-H - J;i,)le,k;—l) - (2:27)
Since for odd k (1, d,w§n))2 = 0, this relation and (2.15) gives us immediately that for odd
|/<7| < nl/s
C
[anerlho? < (2.29)

n
For even k the same relation can be obtained if we apply the analog of (2.27) to f(\) =

)\wffgk()\) = n+k¢n+k+1( )+ J(+k lwn—kk 1(A) and then use (2.13). Remark also that since
(2.5)) yield

et 24+ 2) — e, 2+ df2)| < e, dj2 <A <d,
by (2.28), we have

(e, (2 + d))2d/2 < n/du ("), (1))? + (1) < C. (2.29)

The last bound and (2.28) imply one more useful estimate, valid for any f with bounded
derivative

n 2 _C
[x (etruom)” < x|+ max] ) (2.30)
n o4 o4
Indeed, using that 1/}7(;:2,€ = (e@bgfgk)’ and integrating by parts, it is easy to obtain

(Pl = FONl — S F@+ @+ d) — S 7(-2 — (-2 —d) — e (Feul,).

Now, taking the square of the r.h.s. and using (2.29) and (2.28), we obtain (2.30).
To prove Proposition [2 we consider 3 cases:
(a) j — k is even;
(b) k is even and j is odd,;
(c) k is odd and j is even.
(

a) Using (2.13)), it is easy to get that

n [ g2 edts ) = [ gl west, >\ < Clk — j| max|g(V).

Then, integrating by parts in the second integral we obtain

2+d

n [ gD mesD i = Jaes | =5 [ dug e )

—2—d

Relation (2.25) follows now from (2.29) and (2.28)).

(b) Since for even k 61/)5:216 (0) = 0, using the result of [4] on the asymptotic of orthogonal
polynomials, it is easy to get that for any |u| <1

C
’6¢n+k ‘ - ’/ wn—l-k d)" < g

10



Hence, if we define

Lo+ m) + (-1 - @) 1,

G(w) = g(p)p Ly + 5

so that g(u) = g(p)p for || > 1, then

g e D)~ [ duniou?,(ev 0] < Cmaxlal. 230

It is evident that |§'(n)] < |¢'(1)| + |g(w)]. Thus, using the recursion relations (2.11), we
replace the last integral by

n/dug(u) (Jfg_)ngﬁjﬂ( )+ (1)] ﬂ/’nﬂ 1 (e ))) 5¢£@k(/~‘)dﬂ'

Hence, we obtain again the case (a).
(c) Integrating by parts, we get

2+d

n / dp (el (v (L (1) = ng()ewl) (wew ()

—2-d
_ dud (n) (n) _ d (n) (n)
The bounds for first two terms in the r.h.s. were found before, and the last integral corre-

sponds to the case (b). Thus we have proved (2.25).00

To find the bound for Iy in (2.9) we use the Christoffel-Darboux formula. Then we are
faced with a problem to find the bounds for the terms Tj; of (2.24). But since the function
A?(/\ — )~ ! for any A has a derivative, bounded uniformly with respect to A, 1, we can apply
the bound (2.25) for any fixed . We get

T;i < Cmax|f? / AN N[0 ()] < Cmax [ ']
o4 o)

where the last bound is valid because of the Schwarz inequality.
The estimates for I3 and I5 follow directly from (2.25) and (2.23). For Is we use the
Christoffel-Darboux formula and then the Schwarz inequality. Then we get

n—1
1 < Cox |0l ([ dn S (eul )2+ )
k=0

Here the sum with respect to k appears because of integration with respect to A of TK?(u, \)
and C appears because of integration of ¢2(u — ). But from (2.27) it is easy to see that

n—1
[an Yoy =
k=0

It follows from the Bessel inequality that the sum in the r.h.s. is bounded by (15,,15,). In
the second integral we apply the Christoffel-Darboux formula and then (2.15).

n—

1
(Lo 7 = [ @M KL 1) = )e(r = ).
k=0

11



For I7 we apply Christoffel-Darboux formula and then the Schwarz inequality. We obtain

1/2
] < nCmax | |30 Apudyar [ drduesNent, ed T edtt, (o
j,k,j/,k/
< max|f'|?, (2.32)
ad

where the last inequality follows from (2.28).

Now we are left to prove the bound for I (see (2.9)). Remark, that because of (2.5) and
(L.13)-(1.17) the integrals in [2+d/2,2+d] and from [-2—d, —2—d/2] in (2.9) give us O(e™"°)
terms. Hence, without loss of generality we can replace the function f in these intervals by
a linear one in order to have a new function being continuous with a bounded derivative and
such that f(2+d) = f(—2—d) = 0. Then, integrating by parts with respect to u, we need to
control only the terms, which do not contain f(u). But for odd k ew,(gn (£2+d) =0, and if j
and k are even, then 61/),(:) (u)a/)](-n) () is an even function and so ewl(g (n)e ¢(n ()]~ 2+d =0.
Hence, integrating by parts in I, we obtain that all integrated terms dlsappear Thus

Iy=—I+ 2/dkdu (A ) (LK (1, A) — e(p = M) f' () Ay = I + 2145

The bound for I; was found before. Hence, we need to find the bound for I;;. From
definitions (1.15) it is evident that M;, = —Mj, ; and therefore from (1.14) we derive

IS (A p) = =1Sn(p, A) & TKn(p, ) = —IKn (A, 1) — Irp (A, ) — Irn(p, A).

Now if we replace IK,(u, A) by the above expression, then the terms containing Ir,(\, 1)
and Ir,(u, A) can be easily estimated by using (2.25) and (2.23). Hence we are left to prove
the bound for

] / dAdpra(N 1)Ky (1, 2) f(A) ‘ sz (Fos et Gent s i)

<nY 1Al - [le( >\|2ngw kHz<C(maX\f\+maX\f!) max|g],

where the last bound follows from (2.28), (2.30 and (2.22)-(2.23). The term with e(A — p)
can be estimated similarly. This completes the proof of Theorem [1.

3 Auxiliary results

Proof of Lemma 3l It is proved in [16], that for t = 0, representation (2.12) implies (2.13)
and (2.15). If we know (2.12) for t # 0, then the proofs of (2.13) and (2.15) coincides with
that of [16]. Hence we need only to prove (2.12).

The idea is to use the perturbation expansion of the string equations:

Vt/(j(n))k,k =0, . (3 )
n n +1 .
VT D) geer = —
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Here and below in the proof of Lemma 3 we denote V; = V + ty and by J™ a semi-infinite
Jacobi matrix, defined in (2.11)). Relations (3.1) can be easily obtained from the identity

/
/ (7™ (P (0)2) ax=o,
/
/ (e—nw”p,gz)l@)p;m(x)) X = 0.

We consider (3.1) as a system of nonlinear equations with respect to the coefficients J. ,gn), q,in).

(n)

To have zero order expression for J,/, we use the following lemma, proven in [15]:

n
Lemma 5 Under conditions C1-C3 for small enough & uniformly in k : |k| < én

qr(:jr)k

T, — 1} <C (n—1/4 log"2n + (\k|/n)1/2) . (3.2)

)

Denote J(© an infinite Jacobi matrix with constant coefficients

0 0 0
~71§,13+1 = jk(-i-)l,k: =1, jkz,k) =0 (3.3)

and for any positive n'/3 << N < n define an infinite Jacobi matrix J(N) with the entries

(n) (n)
jk: Jnj—k_lv ‘k| <N, G = qnﬁ-k’ ‘k‘ <N, (3.4)
0, otherwise. 0, otherwise.

Define a periodic function 0¢(\) = (A +442d) with f)t(4) € Lylog4], and such that 9(X) = V'(\)
for |[A\| <2+ d/2. Consider the standard Fourier expansion for the function o,

Vs
2+d’

© .
0 (A) = Z vy g =

j=—o00

(3.5)

The first step in the proof of (2.12) is the lemma
Lemma 6 If V satisfies conditions C2-C3 and V) ¢ Ls[og], then for any n/3 << N <n
and any |k| < N/2
n t ~ =~ 7 -
VAT i = —o(T O+ 3 Peca®d + 7 + O(1T|I/m) + O T72),

-t I
VAT ks = 1= i (T Ot + 3 Prca(®) o+ 70 30
+O(IF/m) + ON 72,

where for a = 0,1

o0 1 1—s1 ~
~ . ijrs1TO 7 ijrksa T 7 ijr(l—si—s ()
(3.7)
with v;, d defined in (3.5), and
1 [7 )
PUt) = - / (P(2cos(x/2)) + t@(2 cos(z/2)) /n)el da, (3.8)

with P defined in (1.22) and $-some polynomial with coefficients depending on .

13



Proof of Lemma 6/ By Proposition 1 of [16] it is enough to obtain (3.6) for (TO +
T )n+kntkta- Using the spectral theorem, we have

o

= 2(0) _ £ IR(ITO+T)
(T + Tk kta Z (”tﬂe )k,km'

j==o0

Applying the Duhamel formula two times we get for a =0, 1
(T 4+ Dikra = 06(T Nkt

e 1
Yy d < ijksT 0 5 ijﬁ(l—s)j(m) (a). 3.9
+ > vt](wn)/o s(e Je bk | TE (3.9)

j=—o0

To find the the first term in (3.9) we use the relation, which follows from coincidence 7(\) =
V'(N), A € [—2,2] and (1.5)

- 1 (7.
vt(j(o))n+k7n+k+a =5 / 0¢(2cosx) cos® z dx

1 ™
=5 (V’(2 cosz) + t¢'(2cosx)/n) cos® z dx
m
)dA t [T tele)
d '(2 Yrdr = . (3.10
/7r x/ cos x2cosx—)\+27m/,rgp( cosz)/n)cos® xdr = a + - (3.10)
Besides, since by the spectral theorem
.. (0) 1 T i(k—1
(ez]HsJ )k,l — 27[-/ ez]nscosxez( — )gcdaj _ Jk—l(,jl‘fS% (311)
—m

where Ji(s) is the Bessel function, and since V' is an odd function, we get for any [ and
integer o

i UOj(zm)/ ds( Z]HSJ(O))

1 /“ 4 V’(2cosx)—V’(2cosy)C
N 2cosT — 2cosy

(eijn(l—s)J(O)>
k,l l*a,k+1—«

)

os((k =Dz —y) + (1 F1) +1)y) =0,

Hence, the linear terms with respect to Jy. in the first equation of (3.6) and the linear terms
with respect to j, in the second equation give us only the contribution of the order tn=1(|7]|.
Besides, we derive from (3.9) that the operator P from the second line of (3.6) can be
represented in the form

Pr—i(t) = 0ps + /ds Z vy (ijK) <eij“5~7(0)E("+l)eijf<(1—8)J(°))

, k1’
j=—00

where we denote by E®) a matrix with entries:

l
El(g)m = 5k,l5m,l+1 + 5k,l+15m,l-

14



It is easy to see that P(t) is a Toeplitz matrix, so its entries can be represented in the form

iDl,k(t) = Pl—k(t) = ! /ﬂ eile(x,t)dJ;‘, F(:E,t) = Zpl(t)eilx'

=5 »

Thus, we obtain

1 1 ™ T )
F(z,1) = 1+ E (ij/ﬁ)vtj/o dsq E 47T2/ / eil=mitaata) () 4 omilr1ta))
j I - J =7

-exp{2ijr[si cosz1 + (1 — s1) cos xa]| }dri1dze

1 (7 2 — (2 —
= 1+ / vi(2cos 1) = vi(2cos(@ — 7)) (1 + cos(2x1 — x))dxy
2w ). cosxy — cos(xy — )
1 (7 1 2x1 — 1 2
= 1+ — ve(2cosxy) + cos(2a; — ) + + cos(2e1 + @) dxy
2w J_, cosxy — cos(x] —x)  coszy — cos(x] + x)

= P(2cos(x/2)) + P(—2cos(x/2)) + tp(2 cos(x/2))/n,
(3.12)
where in the last line we have used (3.10) and (1.22)). For the linear operator in the first line
of (3.6) the calculations are similar. Lemma 6 is proved.O

Let us use (3.6) in (3.1). We obtain for £ < N/2

~ t® ) 7 —7/2
2 Pr-1()@ = ——— =7, + O(|T]|/n) + O(NTY),

c k1l e 5 —7/2
D Pr(t)y = — — = ——+ Jp = + O(||T|/n) + ONTT7),

where ¢(® and ¢! are defined in (3.10). We would like to consider this system of equations
like two linear equations in lo. To this end we set for |k| > N/2

A = S P, .
_ - +1 -
Tl(cl) =S Pr_i(t)J; — — J,?.

It follows from (3.8) that the operator P has a bounded inverse operator whose entries can
be represented in the form

1 ™

= - | (PQeos(z/2) + tp(2cos(x/2)) fn) 1t Ddr. (3.13)

(P~ )kt

Then

£0) )
0 == S P05 + 0Tl + 7+ O,

k+1 o te)

S (3.14)
Ji= £ PO (S5 4 72 = 4 00l n) — e O ).

Moreover, since by assumption v’ has fourth derivative from Lo[—2,2], P also does (see [10]).
Therefore, using a standard bound for the tails of the Fourier expansion of the function f
with f®) € Ly[—n, ]

1/2
Z ’fk’ < M‘P+1/2<Z ‘fk‘2k2p> < CM—p—i—l/Q’ (3.15)

i>M
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we have for any M

YoPN MR NPT < MR YT PP < MR (3.6

[1|>M [1|[>M [1|>M

Besides, since Pl_l = P:ll, we have

k+1 [+1 1 I+1

%Pﬂk o 122731—1,c = 375 x (3.17)

Using a trivial bound
‘(eijnsl.j(o)jeijnsgj(o)jeijn(l—sl—sz)(Jm)-l-j))kk < |7 (3.18)
Jet1

and (3.2), we obtain first a rather crude bound

|F,(€a)\ < C<|/€|/n+n_1/210g2n> , a=0,1. (3.19)
This bound combined with (3.14) and (3.15) give us

@kl, 17k] < C (Ikl/n+ 012 1og?n + N7T/2). (3.20)

Now we use the bound, valid for any Jacobi matrix J with coefficients Ji 11 = Jpp16 =
ar € R, |ax| < A. Then there exist positive constants Cy, C1, Csy, depending on A such that
the matrix elements of €7 satisfy the inequalities:

(€ 5] < CoeCLlE—IIHCaE, (3.21)

This bound follows from the representation

. 1 j
(e’tj)lc,j - %emRk,j(Z)dz»

21

where R = (J —z)~!, and from the Comb-Thomas type bound on the resolvent of the Jacobi
matrix (see [14])

2 oSl 8 s 3
|Rk,j(z)| < @6 C1|Sz2||k ]‘—i—@e C1I8z|(M~1) (3.22)
Let us choose o
M= 40;711/3, (3.23)

where C; and Cy are the constants from (3.21) and & = 7(2 +¢)~!. Then (3.21) guarantee
that for any 1,1 : [l —I'| > n'/3 and any j : |j| < M, |t| < 1

|(eitdjj<0))l7l/|’ |(ez‘tdj(J<0>+j)lyl/| < CelCaM=Cili=l'| < Cle—Cin'/3/3 ,~Cill-U'|/3 (3.24)

Now we split the sum in (3.7) in two parts |j| < M and |j| > M.

[e.e]

1 1—s1
f’(ca) = Z vj(ijli)ZZ/(; d.s’l/ov d82

Jj=—00 l1,l2

ijrs1.7 ) ~) ( z‘jnsﬂ@)) (~ ijm(lfslfsz)(ﬂouj)) — 3.95
(e J kb € I1,la Je lo,k+1 Z + Z - (3.25)

lil<M  |j|=M
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Then (3.24) allows us to write

k+[n1/3] 1 1— 51
Z = Z vi(ijr)? / dsl/
gl<M  ljl<M b la=k—[n1/3] 7° 0
(eijli81j(0)j> ( zgnszj(O)) ( ijr(1—s1—s2 (j(0>+j)> n O(efcnl/s/:s),
k,ly l1,l2 lo,k+1
Hence using (3.18) we obtain now
‘ <C max |J% (3.26)
l:[l—k—n|<nl/3

l7l<M

For > ;15 we use (3.18) combined with (3.20) and (3.15) for the function V. Then we get

’ < CM73/? ((N/n) n~!log? n) < Cn~Y2 (N/n)? (3.27)
li|=M
and therefore
2
7 < (((yky + n1/3)/n) tnllogin £ N7/ 4 1/ (N/n)2> . (3.28)

Using this bound in (3.14) we obtain (2.12), but the bound for r,(ga) now has the form
P < ((k/n)2 +ntoghn + N~7/2 4 71/ (N/n)2> (3.29)

Now, using (2.12) with (3.29) in (3.26), and setting N = 2[n'/?] we obtain the bound from
(2.12) for |k| < n'/2. Then, setting N = 2[n%/*] and again using (2.12) with (3.29) in (3.26),
we obtain the bound from (2.12) for n'/? < k < n?*. And finally setting N = 2[én], we
obtain the bound from (2.12) for n®/* < k < én.0)

Proof of Lemma 4 The relation (2.22) is proved in [16]. To prove (2.23) we need some
extra definitions. We denote by H = ly(—o0,00) a Hilbert space of all infinite sequences
{z;}3°_ ., with a standard scalar product (.,.) and a norm [|.||. Let also {e;}°__ be a
standard basis in H and I(-°>™ be an orthogonal projection operator defined as

[-%om) g, — { G LT, (3.30)

0, otherwise.
For any infinite matrix A = {4; ;} we will denote by
A(—oo,n) — I(—oo,n)./4](—00,71)7

~1
(A(_w’”))_l — J(=oon) <[ — J(=oom) A(—oo,n)) I(—oo,n)’ (3.31)

so that (A(-%™)~1 is a block operator which is inverse to A(=°%") in the space I(~°"H
and zero on the (I — I(=°0M))H.

Besides, we will say that the matrix A
constants C' and ¢, such that

n) s of the exponential type, if there exist

17



|Ap—jni| < CeclilHIRD, (3.32)
Define infinite Toeplitz matrices P and V* by their entries

1 (7 ..
27T/_7T e!U=RT 4y P(2 cos z), Vi =

sign(k — j

Pj = 5 J)/ eU=R2dx V(2 cos ),  (3.33)
™ —T

and let the entries R be defined in (2.14). Then it is proved in [16] that for |j|,|k| < 2log®n

(MOY=L = (R TIpoom)y L by jan g, + O(n” Y1), (3.34)

n—jn—k

where

ar = (RO Mena)i, by = (RE=)71r0),,

j
and the vector 7* € Z(®™H has components 7% _, = R; (i = 2,4,...) with R; defined by
(2.14) Let us prove that

Flooom) .— (R=oem)y=Ip(=oom) _ yx(=eom) (3.35)
is of the first type. It is proved in [16] (see Proposition 1) that

|R 1jn k| < Ce” cli=H
(R k= Ry

n—j,n—k

n—jn—=k ‘ < C’min{e_c|j|; e_c|k|} < C’e—c(\j\+\k|)/2. (336)

Hence,
V
E /n —7,n n In—k = Yn—jn—k

>1
Z 7anj,nék,l
>0

+ Cemclil 3 ¢melll=eli=¥

1>1

]Tl k|<

+ ¢leclil+kD/2 < o g=ellil+IkD/2,

Besides, (3.36) imply ‘
la| < Ce e |b;] < Ceelil, (3.37)

It is easy to see that

3 2 Ve = ey = Zug”
k
where we denote V;, = sign(k — j)V'(J™), 1, and that for j,k > 2log®n

(_/\/l( oon)> anj,n—k + O(efclog2 n)

n—jn—k

Hence, if we denote

Aﬂ) — (M(_Oo’n));ij,n—k _ Vn—jm—ka Ach — }—(O’n))n—jm—k + bnfjan—k,

then S, is indeed represented in the form (1.23)),(2.22) is valid because of (2.12) and (3.34),
and (2.23) is valid because we have proved that F (0m) is of the first type and because of
(3.37).

O
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