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ABSTRACT

Quantum effects in p-type Si0.2Ge0.8/Ge/Si0.2Ge0.8 heterostructure with an extremely high mobility of charge carriers μH = 1367000 cm2/(V ⋅ s)
have been comprehensively studied. An analysis of Shubnikov–de Haas oscillations yielded effective mass of charge carriers, which proved
to be very low, m* = 0.062m0, and the value of fluctuations of hole density along the channel δp = 3.5 ⋅ 109 cm–2. The fractional Hall effect
(filling numbers 8/3, 7/3, 5/3, 4/3) observed at temperatures up to 5 K has been discovered in strong magnetic fields. The studies of
quantum interference effects related to weak localization and electron-electron interaction between charge carriers, which have been con-
ducted in such a high-mobility system for the first time, enabled calculation of spin splitting Δ = 1.07 meV and the Fermi-liquid coupling
constant Fσ

0 ¼ �0:12, which agree with results obtained earlier.

Published under license by AIP Publishing. https://doi.org/10.1063/10.0000126

1. INTRODUCTION

The study of the contribution of quantum effects to electric
conductivity of quasi-two-dimensional conducting systems as a
function of temperature and external magnetic field is essential
because it yields information on sign, effective mass, density of
charge carriers, and times of their elastic, inelastic, and spin relaxa-
tion.1,2 These studies are also of importance for practical applica-
tions as they can be employed in 2D superconductors used in
modern electronics elements.3,4

As a result of disorder related to scattering processes,
quantum corrections to conductivity occur that are due to weak
localization of electrons (WL)5,6 and electron-electron interaction
(EEI).7,8,9 Then, low-temperature electric resistivity of a 2D system
exhibits a specific response to changes in temperature and magnetic
field. The existing theory describes well the diffusion relaxation
regime,4,5,6,7,8,9,10 ballistic and intermediate relaxation regimes.11,12

It provides an adequate interpretation of the anomalous behavior
of low-temperature resistivity in 2D electron systems and informa-
tion about phase and spin relaxation of electrons and parameters of
interaction between them. Objects for experimental studies where

WL and EEI quantum-interference effects have been observed
include thin metal films,13,14 inversion layers,15,16 δ-layers,17,18 het-
erostructures in semiconductors,19,20 etc.

Dependence of conductivity on magnetic field B is related in
weak magnetic fields with suppression of weak localization, while
in strong magnetic fields Shubnikov–de Hass (SdH) oscillations
emerge. The study of characteristics of 2D conducting systems pro-
vides information about a number of important characteristics of
charge carriers (density, effective mass, relaxation times, etc.).

The development of various 2D conducting systems with
highly mobile free charge carriers had led to new experimental
studies of magnetic-oscillation and quantum-interference effects
being conducted.21,22 The point is that for the quantum-interfer-
ence effects to be manifested, certain degree of disordering is
required in objects under study, while the objects where these
effects are most strongly pronounced usually feature low mobility
of electrons. At the same time, the high-mobility systems that
feature high purity enable the investigation of subtler effects that
are indistinguishable in a “dirty” system. We present here studies of
quantum effects in a system that features super-high mobility of
hole-type charge carriers. We obtained effective masses of holes
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that proved to be very low and the value of fluctuations of carrier
density along the channel. The fractional Hall effect (filling
numbers 8/3, 7/3, 5/3, 4/3) observed at temperatures of up to 5 K
has been discovered in strong magnetic fields. We have studied
quantum interference effects for the first time in SiGe systems with
high mobility of charge carriers: weak localization and effects of
interaction between charge carriers. Relaxation times, value if the
spin splitting, and Fermi-liquid interaction constant have been
calculated.

2. OBJECT OF INVESTIGATION

The p-type SiGe heterostructure with pure Ge quantum well
was studied. It consists of a layer of fully strained pure germanium
(20 ± 1) nm thick sandwiched between two unstrained layers with
composition Si0.2Ge0.8. A layer with the same composition doped
with boron with a concentration of 1.4 ⋅ 1018 cm–3 was placed above
the germanium quantum well at a distance of (26 ± 1) nm from
where it was filled with free charge carriers because of the tunneling
effect. The structure of the sample and the results of its structural
analysis are described in Refs. 23 and 24.

The diagonal Rxx and non-diagonal Rxy components of resis-
tivity as a function of temperature and magnetic field strength were
measured using the standard look-in technique in magnetic fields
up to 12 T and in a temperature range of 1.45–10 K.

3. MAGNETOQUANTUM EFFECTS

Fig. 1 shows experimental dependences ρxx (B) and ρxy (B) at
low temperatures (ρ is the resistivity of a square area in the 2D elec-
tron system).

As was noted earlier, experimental studies of SdH oscillations
of a conducting system enable determination of the effective mass of
free charge carriers. In this study, we perform calculations similar to
those described in Refs. 25 and 26. The most detailed studies were
conducted for a magnetic-field range of 1.2–2.5 T. In weak magnetic
fields, the effect of quantum interference (described below) is of sig-
nificance. In stronger magnetic fields, Sh-dH oscillations experience
Zeeman splitting, a phenomenon that significantly complicates the
analysis. The calculation are based on a theoretical model27 accord-
ing to which changes in resistivity of a 2D conducting system in case
of pronounced magnetoquantum effects and homogeneous broaden-
ing of the Landau levels are described by the formula

ρxx ¼
1
σ0

1þ 4
X1
s¼1

Ψs
shΨs

� �
exp � πs

ωcτq

� �
cos

2πsεF
�hωc

�Φ

� �" #
, (1)

where Ψ ¼ 2π2kBT=(�hωc) sets the temperature and magnetic-field
dependences of the oscillation amplitude, ωc ¼ eB=m* is the cyclo-
tron frequency, τq is the quantum time of relaxation of charge carri-
ers that characterizes broadening of the Landau levels, Φ is the
phase, and εF is the Fermi energy. The calculations and theoretical
arguments employ the complete set of experimental data on speci-
men resistivity as a function of temperature and magnetic field
strength.

To determine the effective mass of free charge carriers, data

are presented as dependence of ln ΔR
R0

shΨ
Ψ

h i
on 1

ωcτ
or 1

μB, where μ is

the mobility of charge carriers (the quantity in the exponent in the
oscillating component of Eq. (1) is transformed into �πα=(ωcτ),
where α ¼ τ=τq and τ is the transport relaxation time).
Equation (1) was used to determine the effective mass
m* ¼ 0:062m0 [solid line in Fig. 2(a)], where m0 is the free-electron
mass and α = 72 [Fig. 2(b)].

Similar calculations were performed in Refs. 23 and 24;
however, as a more detailed analysis showed, in weak magnetic
fields [Fig. 2(a)], experimental values deviate from theoretical
dependence (1). It was shown in Ref. 28 that nonlinearity in the
coordinates defined above may be due to changes in density of free
charge carriers and their Fermi energy as a result of natural local
inhomogeneity of the conducting quantum channel. As a result,
the oscillation extrema occur at different magnetic fields in
different areas of the sample. In this case the observed amplitude of
the oscillations decreases compared to that in a homogeneous
sample. This corresponds to an additional effective broadening of
the Landau levels referred to as “inhomogeneous broadening.” To
obtain a numerical description of this broadening, an additional
term with exponent �(πδεF=�hωc)

2 should be added in the formula
for oscillation amplitude (1), as a result of which the exponential
factor in (1) takes the form28

exp � π

ωcτq
� π2�hδn

m*ωc

� �2
" #

: (2)

Results of the calculations made with consideration of (2) are pre-
sented as a dashed line in Fig. 2(a).

FIG. 1. Resistivity ρxx and ρxy as a function of magnetic field at T = 1.28 K.
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Numerical estimates were used to find density fluctuation
δp = 3.5 ⋅ 109 cm–2 that makes ∼1.25% of the average carrier density
pH = 2.8 ⋅ 1011 cm–2 obtained from measurements of the Hall coeffi-
cient. It should be noted that similar calculations using correction
(2) were made in Ref. 28 for a series of InP/In0.53Ga0.57As samples
with density of electrons in a range of pH = (1.7–2.16) ⋅ 1011 cm–2

and mobility μH = 38100–83800 cm2/(V ⋅ s), and in Refs. 25 and 29,
for (Si0.3Ge0.7/Ge/Si0.3Ge0.7 and Si/Si0.87Ge0.13/Si) samples with
hole type of conductivity and density of charge carriers
pH = 5.81 ⋅ 1011 cm–2 and pH = 1.89 ⋅ 1011 cm–2 and mobilities
μH = 46800 and 11700 cm2/(V ⋅ s), respectively. The density

fluctuation values obtained in Ref. 28 δp = (9.5–9) ⋅ 109 cm–2 make
5.6–4.2% of the total charge carrier density, and the values obtained
in Refs. 25 and 29 δp = 2.7 ⋅ 109 cm–2 make 6.5 and 2.1%, respec-
tively. As follows from Eq. (2), the effect of the second term in the
exponential factor decreases in the range of strong magnetic fields.
The obtained density fluctuation of the order of 1% (of the total
density of holes) is indicative of the exceptional purity of the
quantum channel in the system under study, while observation of
“inhomogeneous broadening” of the Landau levels only became pos-
sible owing to the record-setting high mobility of charges:
μH = 1367000 cm2/(V ⋅ s).

An interesting result of the performed studies was a discovery
of the fractional quantum Hall minima on the magnetoresistance
curves [Fig. 3(a)]. It should be noted that the discovery of this

FIG. 3. Dependence of ρxx and ρxy on magnetic fields. Arrows indicate posi-
tions of extrema with fractional values of the filling factor.

FIG. 2. Parameters m* and α calculated using theoretical model.27 Solid curve
(a) is plotted in accordance with formula (1) and the dashed line is plotted with
consideration for the exponential factor that takes into account “inhomogeneous”
broadening of the Landau levels.28 Solid line (b) corresponds to a tilt of 45°.
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effect in a similar system has already been reported in Ref. 30;
however, this effect was discovered in our study at weaker magnetic
fields and significantly higher temperatures [Fig. 3(b)].

4. QUANTUM-INTERFERENCE EFFECTS

Experiments have shown that field dependence of magnetore-
sistance in weak magnetic fields is described by a curve with a
maximum [Fig. 4(a)], an indication of manifestation of WL and
EEI effects. It should be taken into account that the WL effects are
primarily observed in the diffuse regime of interaction between
charge carriers. (kBTτ=�h , 1). The EEI effects may be manifested
in both diffuse, intermediate and even ballistic (kBTτ=�h . 1)
regimes.11

To describe experimental results for ultra-weak magnetic
fields (B < 0.05 T), we used a technique proposed in Ref. 31 that is
based on a theoretical model.32 This model was developed to
describe undeformed and deformed bulk p-type superconductors
and structures containing quantum wells on their basis. The model
takes into account that the valence band in AIIIBV, Si, Ge semicon-
ductors and heterostructures on their basis is formed due to strong
spin-orbit interaction, and the total angular momentum proves to
be related to particle quasi-momentum. As a result of this, the

times of spin and momentum relaxation are of the same order of
magnitude. Apart from this, in the heterostructures that contain an
internal gradient of potential, spin-orbit processes in the directions
perpendicular and parallel to the heterostructure occur in different
ways. According to this theoretical model, the correction to the
conductivity of a 2D p-type system that is due to the WL effect is
described by the following formula:

δσWL
xx (B) ¼ D0

i

D0
a

e2

4π2�h
2f2

4eDB
�h

τwτjj
τw þ τjj

� ��

þf2
4eDB
�h

τwτ?
τw þ τ?

� �
� f2

4eDB
�h

τw

� ��
, (3)

where f2(x) ¼ ln (x)þΨ 1
2 þ 1

x

� �
(here Ψ is the digamma function),

τw is the phase relaxation time, τjj and τ? is the time of longitudinal
and perpendicular spin relaxation, respectively; the preferred axis is
the normal to the quantum-well plane and D ¼ ν2Fτ=2 is the
diffusion coefficient. The D0

i =D
0
a ratio characterizes the degree of

strain in the structure; used as a fitting parameter it proved to be
200 for the system under study. Figure 5 shows numerical descrip-
tion of experimental data by means of Eq. (3) using τw, τjj, and τ?
as fitting parameters. The obtained phase relaxation time τw may
be approximated by the function τw ffi 8:7 � 10�14T�0:4s similar to
that obtained for heterostructures with Si0.2Ge0.8 and Si0.05Ge0.95
quantum wells.33 The times of longitudinal and transverse spin
relaxation do not depend on temperature and are τjj ¼ 2 � 10�14 s
and τ? ¼ 3:2 � 10�14 s, respectively.

As a result of lifting of the spin degeneracy in semiconduc-
tors and heterojunctions, two electron spin subsystems with
similar parameters emerge. Lifting of the spin degeneracy
appears because of either an asymmetric crystalline field that
exists in a single semiconductor crystal without the inversion
center (Dresselhaus model34 or the effect of a non-uniform per-
turbing potential related to the emergence of an asymmetric
potential well when the heterostructure is created (the Rashba
model.35,36 In the system we study, spin splitting is determined
by the Rashba mechanism, since Si and Ge are centrally sym-
metrical crystals.

Spin-orbit relaxation in systems with split spin states is pri-
marily driven by the Dyakonov–Perrel mechanism.37 Spin splitting
Δ is equivalent to a magnetic field affecting spin as a result of
which spin experiences precession with a frequency Ω0. A change
in the direction of electron momentum results in rotation of the
precession axis. If

Ω0τ � 1, (4)

spin relaxation is given by the formula

τ�1
? � Ω2

0τ, (5)

where the precession frequency Ω0 ¼ Δ=2�h. Equation (5) yields the
spin splitting Δ = 1.07 meV, a value commensurable with that
obtained in Ref. 38.

Effects of electron-electron interaction in the system under
study were calculated using a theoretical model11,12 in accordance

FIG. 4. Resistivity ρxx as a function of magnetic field.
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with the procedure described in Ref. 31. In particular, the monoto-
nous component of magnetoresistance [Fig. 4(b)] may be
described, as shown in Refs. 39 and 40, by the formula

ρxx(B, T) ¼
1
σ0

� 1
σ20

[1� (ωcτ)
2]ΔσEEIxx (T), (6)

which, provided ωcτ � 1 (here ωc is the cyclotron frequency), may
be transformed into the following formula (in the studied sample,
the condition ωcτ ¼ 1 also holds at a magnetic field of
B = 0.00726 T)

ρxx(B, T)� ρ0
ρ0

¼ 1
σ0

μ2B2ΔσEEIxx (T): (7)

If the monotonic component of magnetoresistance in weak
magnetic fields is described by Eq. (7), the correction associated
with electron-electron interaction ΔσEEIxx (T) may be identified [see
Fig. 6(a)]. This correction was calculated similar to31 for the case of
Coulomb interaction of holes with scattering centers. The quantum
well is free from impurity atoms because acceptor boron atoms are
concentrated in the layer separated from the quantum well. The
ratio k

kF
¼ 0:03 is small for the case under study. According to,11

the relative change in resistance in the magnetic field is described
by the formula

Δρ(B)
ρ0

¼ � (ωcτ)
2

πkFl
[GF(kBTτ=�h)� GH(kBTτ=�h; F

σ
0 )]: (8)

The analytic form of the functions GF(kBTτ=�h) and
GH(kBTτ=�h; Fσ

0 ) is presented in Refs. 11 and 12. The theoretical
curve plotted according to Eq. (8) is compared with experimental
data. The experimental value is best described [see Fig. 6(b)] if
Fσ
0 ¼ �0:12; however, given this value, the corrections calculated

according to Eq. (6) need to be increased by a factor of 40. It
should be noted that this specific result has already been earlier.
For example, it was shown in Ref. 12 in calculating corrections to
interaction in ballistic regime for the n-type Si/SiGe heterostruc-
ture, that the calculated value of ΔσEEIxx (T) is 5 times larger than
that theoretically predicted in Ref. 11 for the case ωcτ � 1Z. The
case under study, similarly to that analyzed in Ref. 41, apparently
corresponds to a larger extent to the case of “mixed disorder”
described in Ref. 12. The fact is that the ionized boron admixtures
that can serve as scattering point centers are removed from the
quantum well; this, in turn, significantly reduces their scattering of
the free carriers concentrated in the quantum channel. However,
owing to their very presence, the long-range scattering potential
may affect system conductivity. The conductivity is also affected by
scattering on the short-range potential of scattering centers in the
conducting channel and roughness of quantum well boundaries.

The “mixed disorder” is characterized in Ref. 12 by a random
“white noise” potential with a characteristic time τwn and a random
smooth potential with transport relaxation time τsm and condition
(kFD)

2 � 1 (for the system under study (kFD)
2 ¼ 16:2). In case of

scattering on pointlike defects, theory12 predicts a correction to

FIG. 5. Δσxx as a function of the magnetic field at temperatures 1.42 (a), 2 (b),
3 (c), and 4.2 (d) K. Solid lines correspond to theoretical model.11

Low Temperature
Physics ARTICLE scitation.org/journal/ltp

Low Temp. Phys. 45, 000000 (2019); doi: 10.1063/10.0000126 45, 000000-1206

Published under license by AIP Publishing.

https://aip.scitation.org/journal/ltp


resistivity of the form

Δρxx
ρ0

¼ (ωcτ)
2

πkTl
νV0G

mix
0

kBTτ
�h

,
τsm
τ

� �
, (9)

where

νV0 ¼ 6
Fσ
0

1þ Fσ
0
þ 1
2

� �
, Gmix

0 (x) ¼ c04
τsm=τ

x

� �1=2

, x � 1:

Here, Fσ
0 is the Fermi-liquid interaction constant c0 ¼ 0:276.

Calculated results are displayed in Fig. 6(b). Quantities τsm=τ
and Fσ

0 were used as fitting parameters. The best correspondence

between the calculated curve and experimental data is provided by
the values τsm=τ ¼ 3 and Fσ

0 ¼ �0:12.

5. CONCLUSION

We have comprehensively explored quantum effects in con-
ductivity of SiGe p-type heterostructure with pure germanium
quantum channel. Studying of SdH magnetoquantum oscillations
of the conductivity enabled us to calculate the effective mass of
free charge carriers equal to m* ¼ 0:062m0 that feature a record-
setting high mobility [μH = 1367000 cm2/(V ⋅ s)] and estimate
fluctuation of their density along the channel δp = 3.5 ⋅ 109 cm–2

that makes ∼1.25% of their average density pH = 2.5 ⋅ 1011 cm–2.
The fractional Hall effect with filling numbers 8/3, 7/3, 5/3, and
4/3 was observed in strong magnetic fields as temperature was
increased up to 5 K.

The quantum interference effect on conductivity of the system
has been examined in weak magnetic fields. In particular, based
on the analysis of weak-localization effects we calculated the times
of phase and spin relaxation; then, we used the latter value to
determine that the spin splitting in the system under study is
Δ = 1.07 meV, a value commensurable with the results obtained
earlier.38 The effects of interaction between charge carriers in the
explored system were calculated in accordance with the “mixed dis-
order” model from theory12 that allowed us to successfully describe
experimental results and obtain the Fermi-liquid interaction cons-
tant Fσ

0 ¼ �0:12. It should be noted that it is the first time that the
manifestation of this type of interaction was observed using the
technique described above.
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