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The charge carrier overheating effect was studied in the p-type Si0.4Ge0.6/Ge/Si0.4Ge0.6 heterostruc-
ture with two subband occupy. The temperature dependences of hole-phonon relaxation time τh-ph
sat weak magnetic fields demonstrated transition of the 2D system from regime of “partial inelastic-
ity” characterized by dependence τ�1

h-ph ∝ T2 to regime of small-angle scattering, described by
dependence τ�1

h-ph ∝ T5 with temperature increase. But in higher magnetic fields the dependence
τ�1
h-ph ∝ T3 manifests itself on dependences τh-ph(Th-ph). The possible explanations of such
dependences are discussed. Published by AIP Publishing. https://doi.org/10.1063/1.5049161

Introduction

One of the most important characteristics of charge car-
riers with two-dimensional spectrum in quantum wells, heter-
ostructures, etc. is electron-phonon relaxation time τe-ph (or
hole-phonon relaxation time for hole spectrum τh-ph). It char-
acterizes the excess energy which transvers from the electron
to the phonon system under the influence of a high electric
field (current) or of other, “heating” factors. It is advisable
to use the electron overheating effect to determine this time.
In the electron overheating effect the electron temperature Te
exceeds the phonon temperature Tph (which stays unchanged)
under the influence of a high electric field. To realize the
electron overheating effect it is necessary to ensure the free
escape of phonons from the conducting layer into the sur-
rounding crystal. The dielectric substrate with good acoustical
coupling between metal and dielectric must be used when we
deal with thin metal films, but this requirement is manifestly
satisfied for quantum wells, because their surrounding crystal
has the same acoustic properties as the material in which the
quantum well is realized.

The transfer of the excess energy between electrons and
crystal even in the condition of strong elastic scattering of
electrons by impurities and lattice defects is controlled by
τe-ph. To determine time τe-ph, the value of the temperature
of overheated electrons in conditions of strong current flow
ΔTe = Te − Tph must be found. The temperature dependence
of the quantum corrections to the conductivity associated
with the effects of weak localization and electron-electron
interaction were using to determine electron temperature Te
in number of earlier studies. This method of the Te determi-
nation was realized in relatively simple objects with two-
dimensional electron spectrum such as thin metal films with
size quantization1 and in δ layers in the semiconductor
crystal.2 The temperature dependence of the Shubnikov-de
Haas (SdH) oscillation amplitude can be used as a “ther-
mometer” in more advanced conducting systems, such as
inversion layers and quantum wells.3–6 This method was
used in this study.

Experimental technique and results obtained

The p-type Si0s.4Ge0.6/Ge/Si0.4Ge0.6 quantum well made
of 19.6 nm “pure” germanium (0.98 ± 0.01%) was studied.
The sample was prepared in the Nano Silicon group,
Department of Physics, University of Warwick, UK. The
structure of the sample is shown in Fig. 1. The hybrid-
epitaxy technique was used to grow the layers: UHV-CVD
for the Si0.4Ge0.6 strain-tuning buffer and low temperature
SS-MBE for “Ge” channel.7 Carriers were introduced by
modulation boron doped Si0.4Ge0.6 layer placed below the
quantum well. The sample had the conventional Hall bar
geometry. The conducting region had a width of 0.05 mm,
and the distance between the potential contacts was 0.5 mm.
The measurements were carried out at temperatures 1.5−100 K
and magnetic fields up to 14 T.

The well pronounced (SdH) oscillations (see Fig. 2) are
presented on magnetic field dependences of resistance at low
temperatures (< 10 K). The relatively regular oscillations in
low magnetic field (below ∼ 5.5 K) change its shape with
increasing magnetic field and demonstrate spin (Zeeman)
splitting of Landau levels. In this paper we will concentrate
on magnetic fields below ∼ 5.5 T. This interval of magnetic
fields under study can be divided in two regions: the region
of classically low magnetic fields (lower 2 T), where SdH
oscillations with quantum numbers v ≥ 34 are observed, and
the region of higher magnetic fields (v < 34). The analysis of
the magnetoresistance data in low magnetic fields [region I
in Fig. 3(a)] which was performed using Fast Fourier
Transformation (FFT) reviled just one frequency maximum
[see Fig. 3(b)]. Two frequency maximums [see Fig. 3(c)]
were found in Fourier spectrum in higher magnetic fields
[region II in Fig. 3(a)]. Also, in these magnetic fields the
weak ShH oscillations beats are observed and it can be
evidence that there are two subbands occupied in the structure
under study. In this case the investigation of the electron over-
heating effect can lead to manifestation of new peculiarities.

The amplitudes of the SdH oscillations decrease with
increasing of temperature and driving current (Fig. 4). The
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temperature of charge carriers (holes in our case) under con-
ditions of high current can be determined from a comparison
of the change in the amplitude of the SdH oscillations under
the influence of electric current and under the influence of
temperature.3,5 Those dependences are shown in Fig. 5.

The value of the electron-phonon relaxation time τe-ph
can be calculated from the heat balance equation, where
the supplied electrical power P = E2σ per unit volume is
balanced with the amount of energy transferred by the elec-
trons (holes) to the lattice per unit time:

E2σ ¼
ðTe
Tph

Ce(T)dT
τe-ph(T)

, (1)

here Ce(T) is the heat capacity of electrons, E is the electric
field, σ is the conductivity. If we assume, that in stationary
state time τe-ph is corresponds to the temperature Te-ph, which
characterizes electron-phonon interaction under electron over-
heating condition, and Ce(T) = γT, then Eq. (1) changes to

E2σ(Te � Tph)
Te þ Tph

2
γ

τe-ph(Te-ph)
: (2)

For calculation of τe-ph(Te-ph) the Eq. (2) can be rewrites as8

(Te � Tph) ¼ E2σ

γTe-ph
τe-ph(Te-ph), (3)

here Te-ph ¼ 1/2ðTe þ TphÞ. Since the value of γ is unknown
for our object of study, we turn to the relation9

(kTe)
2 � (kTph)

2 ¼ 6
π2

(eE)2Dτe-ph, (4)

where D is the diffusion coefficient. This relation is obtained
from Eq. (3) with the electronic heat capacity and conductiv-
ity expressed in terms of the density of states vds:

Ce ¼ 2
3
π

� �
k2vdsT and σ ¼ e2vdsD:

For two-dimensional systems of charge carriers: vds = m*/πħ2,
D = ½(ʋ2F τ), where ʋF = (ħ/m*) (2πn)½ is a Fermi velocity, n
is the density of charge carriers, τ is the elastic scattering time,
which determines the resistance per square R□ = m*/(ne2τ) of
the object under study (m* is the effective mass). The electric
field in a conducting channel of length L and width a can be
found from the values of the current I and the resistance per
square E = IR / L = IR□ / a.

The kinetic properties calculations of system under study
were performed in Ref. 10. It was found that the values of
effective mass, density and mobility of charge carriers are
different on each subband. Note, according to calculations10

the intersubband interaction is very weak, so each subband
participates on a heat exchange process independently. The
following values of kinetic characteristics were obtained:

Fig. 2. The magnetic field dependence of sample resistance ρxx(B) at temper-
ature T = 1.45 K.

Fig. 1. The sample structure.

Fig. 3. The magnetic field dependence of sample resistance ρxx(B) (a). FFT
spectrum of SdH oscillations in magnetic fields from 1.2 to 3.2 T (b) and 1.2
to 5.5 T (c).
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m�
1 = 0.112m0 and m�

2 = 0.131m0 on a first and second sub-
bands, respectively (m0 is the free electron mass); p1 =
1.06·1012 cm−2 and p2 = 0.61·1012 cm−2; μ1 = 2.66·104 cm2/
(V·s) and μ2 = 1.84·104 cm2/(V·s).

The characteristics obtained were used to calculate the
diffusion coefficients of both subbands occupied. Then the
heat balance equations, similar to Eq. (4), were composed for
each subband, and temperature dependences of τh-ph were
found. In Fig. 6 example of the temperature dependences
of τh-ph(Th-ph) for both subbands, which were calculated
using SdH oscillations with filling factor v = 40 is shown in
bilogarithmical coordinates. The shape of the τh-ph(Th-ph)
dependence for upper subband is similar to this dependence
for the lower subband, but it at several times smaller in
magnitude, so we will concentrate on analysis of such depen-
dences on lower subband. It was found that these

dependences are different in various regions of magnetic
fields. In first approximation it can be described by function
τ�1
h-ph ∼ Tp. In low magnetic fields (v ≥ 40) and at low temper-
ature Th-ph the dependence τ�1

h-ph ∼ T5 is observed (solid line
on Fig. 7). Then it changes to dependence τ�1

h-ph ∼ T2 with
temperature increasing (dash line in Fig. 7). The point of tran-
sition from dependence τ�1

h-ph ∼ T5 to τ�1
h-ph ∼ T2 shifts to lower

temperatures with increasing of magnetic field (decreasing of
v), and at v = 34 dependence τ�1

h-ph ∼ T5 becomes almost unre-
solved. When magnetic field increases further (v < 34), the
dependence τ�1

h-ph ∼ T2 transfers to τ�1
h-ph ∼ T3, and from v <

22 up to highest magnetic fields, only dependence τ�1
h-ph ∼ T3

is observed. Those changes in the shape of dependence τ�1
h-ph

∼ Tp will be discussed in next section.
The study of the electron overheating effect in the struc-

ture with two subbands populated reviles one more feature. It

Fig. 4. The magnetic field dependences of sample resistance ρxx(B) at temperatures (a): 1.45 (1), 2.5 (2), 4.5 (3), 5.5 (4) K, and currents (b): 100 nA (1), 1 μA
(2), 5 μA (3), 10 μA (4).

Fig. 5. Change in the amplitude of the SdH oscillations with quantum numbers v = 40 (B = 1.654 T), v = 37 (B = 1.789 T), v = 34 (B = 1.951 T), v = 31
(B = 2.145 T), v = 28 (B = 2.383 T), v = 25 (B = 2.678 T), v = 22 (B = 3.054 T), v = 19 (B = 3.576 T), v = 16 (B = 4.258 T), v = 12 (B = 5.46 T) upon
changes in temperature (a) and current (b).

Low Temp. Phys. 44 (8), August 2018 Berkutov et al. 799



was found that the amplitudes of the Fourier maximums with
frequencies of f1 and f2 behave differently: with increasing of
driving current the amplitude of the maximum f1 decreases,
but the amplitude of the maximum f2 increases (Fig. 8). The
position of the peaks on the frequency scale for all currents
remains unchanged, which is indication that period SdH
oscillations in inverse magnetic field stays constant and
therefore density of carriers on both subbands occupied are
unchanged.

The explanation of this feature is such that the electron
overheating effect can manifest itself with different intensity at
the group of charge carriers, which occupy different subbands.
Using the values of charge carriers density and mobility, the
resistances of the first (ρ1 = 221 Ohm) and the second (ρ2 =
555 Ohm) conducting channels were found. The experimental
resistance measured in zero magnetic fields (ρ0 = 160 Ohm) is
close to the value 158.06 Ohm. The driving current which
uses for the charge carriers heating distributes in two parallel
circuits according to their conductivity. As a result, the electron
overheating effect appears to be much weaker in the channel
with low conductivity, which corresponds of frequency f2.
However, when current increases, the energy distribution be-
tween the subbands can be change under the influence of the
electron-phonon interaction.

Discussion

The conception which describes the electron-phonon
relaxation in systems with two-dimensional spectrum was
developed in theoretical studies.11–13 In such systems the
movement of electrons across the quantum well is quantized
and phonons, which participate in electron-phonon interac-
tion, are emitted or absorbed in direction predominantly
perpendicular to the walls of the quantum well. In fact, the
case of one subband was discussed in Refs. 11–13. At high
temperature the wave vector of thermal phonons is qT = kBT/
(ħs) > 2πħ/α (α is the quantum well width, s is the speed of
sound), but it changes to qT < 2πħ/α with temperature
decreasing. The low-temperature case was observed in
Ref. 11. In Refs. 12, 13 the region of temperatures, in which

the wave momentum of a thermal phonon is sufficient to
change the electron wave vector by the maximum value 2kF,
was described as region of “partial inelasticity”. At lower
temperatures, where qT < 2kF, only small-angle scattering of
the electrons is possible. The scattering on deformation
potential (DA) and piezoelectric scattering (PA) were
observed in Refs. 11–13. The expressions for the inverse
scattering time of electron-phonon interaction and the power
of energy loss, when electrons and acoustic phonons of the
crystal lattice exchange their energy, were obtained. The
equation for the power of energy loss can be derived from
the heat balance Eq. (1). If we assume, that τ�1

h-ph = ATp and
Ce = γT the Eq. (1) can be changed as:

E2σ ¼ Aγ

pþ 2
(T pþ2

e � T pþ2
ph ): (5)

Note, that the power of Te and Tph two unities higher than
power of τe-ph in Eq. (4). The powers p for temperatures Te
and Tph in the energy loss equation equal 7 for DA scattering
and 5 for PA scattering, as it shown in Ref. 11. According to
Ref. 12 the dependence τ�1

e-ph ∝ T2 should be observed for
DA in the region of “partial inelasticity” scattering, where
qT ≫ 2kF, and dependence τ�1

e-ph ∝ T5 will be seen in the
region of small angle scattering, where qT < 2kF. For PA
scattering the dependence will be observed in the region of
partial “inelasticity”, and dependence of τ�1

e-ph ∝ T3 will be
observed in the region of the small angle scattering.13 The
cross point from the partially inelastic scattering to small-
angle scattering is determined by equation qT = 2kF. In the
investigated case, this criterion does not correspond to the
real situation, because it was formulated for one subband
occupied case. When two subbands are occupied, the transi-
tion region can be diffused. Also, the theory12,13 was devel-
oped in case of the absence of magnetic field, but the
spectrum of phonons, which participate in electron-phonon
interaction process, changes in the presence of magnetic
field.14 This refers to phonons, which propagate along the
quantum well. In the absence of a magnetic field the relaxa-
tion of electrons is determined by the equally probable in the
direction of emission of acoustic phonons, which propagate
along the quantum well. When magnetic field is applied for
phonons emitted along the well, the momentum is limited by
the magnetic length and therefore the energy relaxation rate
decreases and the electron-phonon relaxation time increases.

In our opinion the experimental results (Fig. 7) are
related to the transition region from the regime of “partial”
inelasticity to regime of small-angle scattering. In previous
experiments, performed in SiGe quantum wells with one
subband occupied,3–6 the regions with τ�1

e-ph ∝ T2 and τ�1
e-ph ∝

T55 were clearly resolved on dependences τh-ph (Th-ph), but the
transition region was not discussed in those papers. For
sample under study with two subbands occupied the transi-
tion region appears to be noticeable on the temperature scale.
As it was noticed above, the regions with dependence τ�1

e-ph ∝
T5 at low temperatures and with dependence τ�1

h-ph ∝ T2 at
higher temperatures are clearly resolved for v = 43, 40 and
37 on dependences τh-ph (Th-ph) in Fig. 7. But in higher mag-
netic fields (v ≤ 31) the dependence τ�1

h-ph ∝ T3 manifests
itself on dependences τh-ph (Th-ph). We assume, that their
appearance is connected to mixing of two kinds of

Fig. 6. Temperature dependence of hole-phonon relaxation times τh-ph calcu-
lated by Eq. (4) for the SdH oscillations with v = 40. The empty symbols
correspond to τh-ph values at upper subband and full symbols correspond to
values at lower subband.
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dependences with T2 and T5. An important conclusion
follows from these observations: In a weak magnetic field
small angle processes of electron-phonon scattering appear
in about the same temperature range as in the absence of a
magnetic field, but it shifts to lower magnetic fields with
magnetic field increasing, and only “partially” inelastic pro-
cesses of electron-phonon scattering (as it named in Ref. 12)
are exhibit itself in high magnetic fields. Note, that processes
of small angle scattering are observed in region I in Fig. 3(a),
in which only one peak on Fourier spectrum is present, and
it means that the analysis presented above describes pro-
cesses associated only with lower subband. In this range of
magnetic fields, the degeneracy of the upper subband does
not appear because of effect the Landau levels thermal
broadening. When magnetic field increases [region II in
Fig. 3(a)] the Landau levels of the second subband become

clearly resolved leading to the observation of common con-
tribution to the electron-phonon interaction from both sub-
bands. The dependence τ�1

h�ph ∝ T3 apparently is mixture
state of two components: the processes of “partial inelasticity”
with τ�1

h�ph ∝ T2 on the lower subband and the small-angle
scattering processes with τ�1

h�ph ∝ T5 on the upper subband.
Another possible explanation of observation of τ�1

h-ph ∝
T3 dependence is the assumption of a dominant role of the
piezoelectric scattering in strong magnetic field. However,
the value of the piezoelectric interaction constant epz =
9.6·10−2 C/m−2, obtained by analysis of experimental data,
which was perfumed in the same way as it was done in Ref.
15, appears to be significantly higher than the value epz =
3.4·10−3 C/m−2 obtained in that paper. The contribution of
the piezoelectric scattering may be presented in the formation
of the temperature dependence, but it is not determinative, as

Fig. 7. Temperature dependences of hole-phonon relaxation times τh-ph calculated by Eq. (5) for the SdH oscillations with different quantum numbers. Solid
line is the dependence τ�1

h-ph ∼ T5, dashed line is the dependence τ�1
h-ph ∼ T2, dotted line is the dependence τ�1

h-ph ∼ T3.
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it follows from theoretical calculations, performed for semi-
conductor crystals, which were not included in the category
of piezoelectric materials.11

Conclusion

Thus, the study of the electron overheating effect in
germanium quantum well with two subbands occupied, per-
formed in order to obtain information about the temperature
dependence of the electron-phonon scattering revealed new
features of the charge carriers scattering in such object: i) It
was demonstrated, that in two-dimensional conduction
system with two subbands occupied the electron transport is
performed by two groups of charge carriers, which act in
parallel and independently (when interaction between these
groups is weak). ii) It was found, that the temperature depen-
dence of the electron-phonon scattering in the temperature
range Th-ph = 1.5−3 K described by function τ�1

h�ph ∝ Tp. In
weak magnetic fields the dependence Th-ph(T), where p = 5,
manifests itself at lowest temperatures, but at higher tempera-
tures it turns to dependence with p = 2. In strong magnetic
fields typical dependence is p = 3, which was interpreted as
the result of mixing of partially inelastic scattering processes,
characterized by dependence τ�1

h�ph ∝ T2 and small-angle
scattering processes, described by dependence τ�1

h�ph ∝ T5.
iii) It was found, that the magnetic field affects not only
to the contributions of these two types of scattering mecha-
nisms to the temperature dependence Th-ph, but also on the
contributions from two groups of carriers from different sub-
bands, for which the processes of carrier heating happen not
simultaneously.
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Fig. 8. FFT spectrum of SdH oscillations at temperatures (a): 1.45 (1), 2.5 (2), 4.5 (3), 7 (4), 10 (5) K, and currents (b): 100 nA (1), 5 μA (2), 10 μA (3).
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