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1. The Boussinesq equation: Long waves in nonlinear lattices

The shock wave analog in the 1D crystal

The Boussinesq equation: U, —u, )= %U"(O)(un N éU’"(O)(un —u, VP + iU’"’(O)(un ~u, )

Lon g waves in s h al / ow Water A.M. Kosevich, The Crystal Lattice: Phonons, Solitons, Dislocations, Superlattices,
_a " - 2nd Ed., WILEY-VCH, Weinheim, Germany (2005).

K . :
O IK{I—tanhz(x—VKt)} Ve = 1+ k2| Thedisplacement (kink)

2
, ~ zzzz . cosh? By (x = Vit)
3
S2 _ a—U”(O) B2 a 2 A2 _ _a_Um(O) The energy
m

=—s
” ' L2 o Lfowe Y 5] E(K)—3K3(1+fl<2j
b5 e - Rl

The field momentum

The negative localized deformation
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The particle-like kink of the Boussinesq equation
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3. Integrals of motion and the quasiclassical spectrum
of the Boussinesq breather
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2. The Boussinesq breather and its emergence from kink localized mode

The multisoliton solution of the Boussinesq equation
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The evolution of the breather solution
of the Boussinesqg equation

100 -3 The adiabatic invariant of the Boussinesq breather, The parametrically defined energy surface, having the

The breather solution as the wobbling kink of the Boussinesq equation i.e. the normalized number of states, as a function of quite flat shape, as function of the normalized
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_ The Hamiltonian equations for the Boussinesq breather as a particle-like excitation
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The linearized Boussinesq equation |/, =/, =¥ v + 6(Wg W) =0 sha//;;xvn;?:;; ,,,j’ys’,’Ffuif,j,ol’gf’%;”ffgjg'; 1.The analytical investigation of the dynamical properties of the breather solution found by
| | M. Tajiri and Y. Murakami for the Boussinesq equation has been carried out in detail. This became
e - The external linear localized mode possible due to proposing the new parameterization of the solution, which allowed us to show the
it — 8xx ~ 8xxxx TOWKExx = \ 52 0 composite structure of the solution, to find exactly its existence boundary, and to calculate
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g(y t)— COS(kmy — a)mt) . ko o - L(a) e ) 2.The complex solution represents the algebraic sum of the kink and the breather expressions. The
’ cosh(y) "ory " K 0 TOTR ., variability of the solution forms, previously revealed in the numerical simulation, is simply
NG | 1 3 - explained by the difference in the amplitudes of these components. In modern terms of the
kg =7cosha Q, =$§sinha'cosha K =§sinha W, =iTcosh2a " ) soliton theory this complex solution would be related to the category of the wobbling kinks. We
NG & 08 By single out the solution into a special category and call it the Boussinesq breather.
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The breather existence boundary: |k, (Ko): 7\/1 + 4K g (k) 3.We show that the breather at the nearest vicinity of its existence boundary emerges from the
2 (., 3 , o4 linear localized mode of the single soliton and we demonstrate this analytically for the first time.
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3 ] 0,2 This fact encourages the search for similar exact solutions in other integrable equations, first of all,
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We call this special type of the s
wobbling kink the Boussinesq The dispersion law of coltinuous spectrum 4 We exactly obtain the first integrals, the energy and the field momentum, for the Boussinesq
breather. waves and the carrier frequency of the kink breather and explicitly calculated the adiabatic invariant for the complex excitation. We carried
localized mode. out the quasiclassical quantization of the nonlinear oscillating solution, obtaining its energy

spectrum, i.e., the energy dependence on the field momentum and the number of states, and
established the Hamiltonian equations for this particle-like excitation.
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