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Abstract

We prove edge universality of local eigenvalue statistics for orthogonal invariant ma-
trix models with real analytic potentials and one interval limiting spectrum. Our start-
ing point is the result of [19] on the representation of the reproducing matrix kernels
of orthogonal ensembles in terms of scalar reproducing kernel of corresponding unitary
ensemble.
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1 Introduction and main results

We study ensembles of n x n real symmetric (or Hermitian) matrices M with the probability
distribution

Py(M)dM = Z, exp{—?TrV(M)}dM, (1.1)

where Z, g is a normalization constant, V' : R — R, is a Holder function satisfying the
condition

[V(A)] > 2(1 4 €) log(1 + |A]). (1.2)

A positive parameter (3 here assumes the values = 1 (in the case of real symmetric matrices)
or =2 (in the Hermitian case), and dM means the Lebesgue measure on the algebraically
independent entries of M.

The joint eigenvalue distribution corresponding to (1.1) has the form (see [13])

PN, dn) = Q[ T 1n = Al (1.3)
i=1

1<j<k<n

where @, 3 is a normalization constant. For both cases (8 = 1,2) the behavior of Normalized
Counting Measure (NCM) of eigenvalues is now well understood. According to [3) [10], NCM
converges weakly in probability to the non random limiting measure N known as Integrated
Density of States (IDS) of the ensemble. The IDS is absolutely continuous, if V' satisfies the
Lipshitz condition [17]. The non-negative density p()\) is called Density of States (DOS) of
the ensemble. IDS can be found as a unique solution of a certain variational problem (see
[3, 110, 7).

To study the local regimes for ensembles (I.1) means to study the behavior of marginal
densities

B, s N —/ P AL N s M)A 1B (1.4)
Rn—



in the scaling limit, when \; = \g+x;/n" (i = 1,...,1), and & is a constant, depending on the
behavior of DOS p(A) in a small neighborhood of Ag. If p(Ag) # 0, then k = 1, if p(Ag) = 0
and p(A) ~ |A— Ag|®, then k = 1/(1 4 «). The universality conjecture states that the scaling
limits of all marginal densities are universal, i.e. do not depend on V and depend only on «
and (. One of the most known quantity probing the local regime is the gap probability, i.e.,
the probability that there is no eigenvalues in the interval A, (a,b) = [Ag + a/n", Ao + b/n"]

k
Eng(An(a,b)) = E{ H(l - 1An(a,b)(>\i))}- (1.5)

k=1

Thus, results on the universality of local eigenvalue statistics usually include proofs of uni-
versality of the gap probability.

For unitary ensembles all marginal densities can be represented (see [13]) in terms of so
called reproducing kernel

n—1
K0 m) =0 e (). (1.6)
1=0
where
4O = exp{=nV()/2)p" (V). 1=0,... (L7)
and {pl(n)}?zo are orthogonal polynomials on R associated with the weight w, (\) = ="V},
ie.,
/ pi" )P (Awa(N)dA = Gy, (18)

In particular,
EH,Q(An(av b)) = det{l - KAn(a,b)}a

where det{...} is the Fredholm determinant and K An(a,p) 18 the integral operator with the
kernel (1.6) in L?(A,(a,b)). Hence, the problem to study marginal distributions is replaced
by the problem to study the reproducing kernel K, in the scaling limit.

The problem was solved in many cases. For example, in the bulk case (p(Ag) # 0) it was
shown in [14] (see also [16]) that for a general class of V' (the third derivative is bounded in
the some neighborhood of \g) the scaled reproducing kernel converges uniformly to the sin-
kernel. This result for the case of real analytic V' was obtained also in [5]. The universality of
the reproducing kernel in the bulk for very general conditions on the potential V' was proved
recently also in [12].

Universality near the edge, i.e., the case when ) is the edge point of the spectrum and
p(N) ~ |A = Xg|'/2, as A ~ \g, was studied in [5]. It was proved that

, 1
lim —— K, 2(Ao + 51/, o + s2/n2/35) = Q ai(s1, 52),
n—00 712/3’)’

where

Ai(sl)Ail(Sg) — Ai/(sl)Ai<82)
S1 — 82

Qai(s1,52) =

= /OO Ai(sy + t)Ai(sg + t)dt. (1.9)
0

This result for GUE (V()\) = A2/2) was obtained in [24]. There are also results on universality
near the extreme point, where p(A) ~ (A — Xg)?, as A ~ g (see [4] for real analytic V and
[18] for general V).



For orthogonal ensembles (3 = 1) the situation is more complicated. Instead of (1.6) we
need to use the matrix kernel

> o Sn()‘> ) Snd<)‘7 )
K”()"“)_<15n(/\,u)—g(/\—u) 5u10 ) ) (1.10)

Here

n—1
Sa i) = — 3 9P AV MOD) L (ney™) (), (1.11)

1,7=0

where 1/11(71) are defined by (1.7)-(1.8) and the matrix M) is defined as

My =n(W”, ep™); MO = (M; %50 MO = (M} (1.12)

j?

where € is the integral operator with the kernel

() = iz efO) = [ €= ) (1.13)
The symbol d in (1.10) denotes the differentiating with respect to u, and IS, (X, 1) means
the composition of operators ¢ and S,,. Similarly to the hermitian case all marginal densities
can be expressed in terms of the kernel K, (see [23]). In particular, the gap probability has
the form

En1(An(a,b)) = det'/?(1 — K,,(An(a,b))), (1.14)

where K,(Ap(a,b)) is an integral operator from L2(Ap(a, b)) & L2(An(a, b)) to itself defined
by the matrix kernel (1.10) and det means it Fredholm determinant. The matrix kernel (1.10)
was introduced first in [9] for circular ensemble and then in [I3] for orthogonal ensembles.
The scalar kernels of (1.10) could be defined in principle in terms of any family of polynomials
complete in Lo (R, wy,) (see [23]), but usually the families of skew orthogonal polynomials were
used (see [13] and references therein). Unfortunately, using of skew orthogonal polynomials
for general V rises serious technical difficulties.

The main technical obstacle to study the kernel (1.11) defined in terms of orthogonal
polynomials is that there is no uniform bound for [[(M©™)=1||. According to Widom (see
[25]), if the potential V is a rational function, then to control (M©™)~1 it is enough to
control the inverse of some matrix of fixed size depending of V' (e.g. if V' is polynomial of
degree 2m, then we should control some (2m — 1) x (2m — 1) matrix). In the paper [6] by
constructing of the exact expressions for the entries of the Widom matrix, it was shown that
it is invertible in the case V(\) = A?™. This allowed to prove bulk universality for the case
V(A) = N2 4 n~Y2mq,, A2~ 4 (in our notations). The same approach was used
in [7] to prove edge universality and in [§] to prove bulk and edge universality (including
the case of hard edge) for the Laguerre type ensembles with monomial V. In the papers
[20, 21] universality in the bulk and near the edges were studied for V' being an even quatric
polynomial. The most general result for the moment was obtained in [19], where it was
shown that in the one interval case the matrix, which we need to control, is of rank one.
This allowed to study any real analytical potential with one interval support and to simplify
considerably the proof. In the present paper we will use the result of [19] to prove that up
to some small terms (which do not contribute in the limit) the kernel S is the same that for
GOE case (see Lemma [I). This allows us to use the method of [24] to prove universality of
limiting kernels near the edges. The only difference with [24] is that we use asymptotic of
orthogonal polynomials of [5], instead of classical asymptotic of Hermite polynomials.



One more difficulty of real symmetric matrix models appears when we study the gap prob-
ability (1.14). It is easy to see that the integral operator with the kernel K, (24 /yn?/3, Ao+
y/yn?/3) defined in (1.10) is not a trace class operator in L2(s,00) @ L?(s,00) (recall that
A :Hy — Ho is a trace class operator if ||A|[; := Tr(A*A)Y/? < o0). To take care of this
problem we follow the approach of [24] and use weighted L? spaces. If we take any w such
that w=! € L' and w grows at infinity not faster than exponent, then K, is a Hilbert-Schmidt
operator on L?(s,00;w) ® L%(s,00;w™!). The diagonal entries of [A(n are finite rank, hence
trace class. Now the definition of determinant extends to Hilbert-Schmidt operator matrices
T with trace class diagonal entries by setting

det(I — T) = deto(I — T)e TP,

where Tr denotes the sum of the traces of the diagonal entries of T and the detg is the
regularized 2-determinant, defined for the Hilbert-Schmidt operator T' with eigenvalues t; as

deto(I —T) = [J(1 = ta)e™
(see [11], Section IV.2). It follows from the identity for 2-determinant
deto(I — T)(I — To)e PP — gty (1 — T) deto(I — Td)
that for this extended definition we still have the relation
det(I — T1)(I — Ty) = det(I — T) det(I — Tb)

Moreover, if the sequence of the Hilbert-Schmidt operators {T},} on L?(s, 0o; w)®L>(s, 00;w™!)
with trace class diagonal entries converges to 1" in the corresponding Hilbert-Schmidt norm,
then deto(I —T),) — deto(I —T') as n — oo(see [11], Section IV.2). Hence, to study the limit
of the gap probability (1.14) it is enough to prove the convergence of the properly scaled
entries of the matrix kernel (1.10) to some limiting kernel in the trace norm.

An important observation which helps to estimate the trace norms of different operators
was done in [24]. Consider a rank one kernel u(x)v(y), where u € L?(s,o0;ws) and v €
L2(s,00;w; ) and u ® v : L2(s,00;wy) — L2(s, 00;ws)

(u®vh)(z)=u(x) /OO h(y)v(y)dy. (1.15)

Then we have
[lu @l < ffull L2 wy) V] 201 (1.16)

Here and below we denote by [|.||12(,) the standard norm in L?(s, co; w):

o
2 2
ulBagy = [ luta) Puta)da.
S
Now let us state our main conditions.
C1. The support o of IDS of the ensemble consists of a single interval:

o=1[-2,2].

C2. V(z) satisfies (1.2) and is an even analytic function in

Q[dl,dg] = {Z 1 —2—di <Rz <2+d;, ‘%Z’ < dg}, dy,dy > 0. (1.17)



C3. DOS p()\) is strictly positive in the internal points X € (—=2,2) and p(\) ~ |\ F 2|V/2,
as A ~ £2.

C4. The function
u(h) =2 [ loglu =~ Mp(u)du — VO

achieves its mazximum if and only if A € o.

Note (see [2]) that under conditions C1-C4 the limiting density of states (DOS) p has
the form

1
p) = 5= POWVI— N 1)y, (1.18)
where the function P can be represented in the form
1 [T V'(z)—V'(2cosy)
P(z) = — dy. 1.19
(2) 2 / z—2cosy Y ( )

If V' is a polynomial of 2mth degree, then it is evident that P(z) is a polynomial of (2m —2)th
degree, and conditions C3 guarantee that

IP(2)| < C, 2eQdi/2,d2/2], P(\) >8>0, \e|-22]. (1.20)

We will use also that under conditions C1-C4 the entries of semi infinite Jacoby matrix
J™_ generated by the recursion relations for orthogonal polynomials (1.8)

TN + a9 )+ I ) = A (), S =0, =0, (1.21)
satisfy the relations (see [1, 2]): ql(n) =0 and

2 2/3
J(") k < C|/€] +n

< onl/? .
wek L= 5By | S 57— [kl <2l (1.22)

where P is defined by (1.19). Here and everywhere below we denote by C, Cy, Cy, ¢, ... positive
n-independent constants (different in different formulas).
To formulate our main result we need also to introduce the scaled kernels:

Sn(w,y) = (n2P) 782+ a/yn?3 2 4y 40P,
Da(z,y) = (n%39)72Dy(2+ /03,2 +y/yn?/?),
2/3 2/3 (1.23)
Tn(z,y) = In(2+a/yn?? 24 y/m*?),
Kn(z.y) = (059) 7 Kn(2+ /303,24y /30?3,

where S,, is defined by (1.11), K, is defined in (1.6) and v = P?/3(2), with P defined by (1.19).
Observe that the determinant in (1.14) is the same if we replace the interval (2 + s/ n?/3,00)
by (s,00) and the kernel K, by

> _ Sn(.TU, y) Dn(x7 Z/)
Knl@,y) = ( To(@,y) — (e —y) Saly,2) ) ' (1.24)

Theorem 1 Consider an orthogonal ensemble of random matrices (1.5) with =1, and V'
satisfying conditions C1-C4. Take ~ defined in (1.23). Then for even n we have:



(i) if pl(f) is the lth marginal of (1.3), then nl/3'y_lpl(?)(2 + 21 /yn?3, 2 + @y /ynP/3)
converges uniformly in x; > s > —oo, j = 1,...,1 to the limits coinciding with that for
GOFE and given in terms of

where ICy, is defined by (1.23) — (1.24)) and

5 () — Sai(z,y) Dai(, y)
QA’L( 7y) < IAi(xyy) - 6(1' - y) SAi(y,:C) ) (126)

with
1 . R
Sai(z,y) = QAi(:c,y)+§Az(x) (1—/y Az(z)dz), (1.27)
DAi(l',y) = - yQAz(l‘ y) 7‘41( )AZ y)

Lai(z,y) = /QAZzydz+ (/ Ai(z dz—i—/ Ai(z /Ai(z)dz),

and Qai(x,y) of (1.9);

(i1) if En is the gap probability (1.14) of (1.5), corresponding to the semi-infinite interval
(24 s/yn¥3,00), then

Tim By (24 s/mm%%00) ) 1= BE99(s) = det /(1 — Quils)), (1.28)

where @Ai(s) is the integral operator, defined in L?(s,00;w)® L?(s, 00;w™1) by the 2x 2
matriz kernel (1.26), (1.27) with w(x) = > + 1.

We prove Theorem [1in three steps. On the first step (see Section 2.1) we use results of [19]
to write the matrix (M(©™)~1 of (1.12) in the form, which allows to represent the entries of
(1.10) in terms of the kernel (1.6) plus the remainders, written in the form convenient for the
limiting transition. On the second step (see Section 2.1) we show that after scaling (1.23)
near the edge point the remainder terms give us the same rank one operators as in the case of
COE. Then we represent S, Dy, Z,, in the same form as for COE. And on the last step (see
Section 2.1) we perform the limiting transition in the kernel S,,, D,,, Z,,, using the method of
[24] and asymptotic of orthogonal polynomials of [5].

2 Proof of Theorem 1.

2.1 Representation of (MO™)~1,

In what follows it is more convenient for us to replace the integration over R in formulas
(L.8), (1.13) and (1.14) by the integration over the interval [—L, L] with L = 2 + d; /2. Thus
we start from the remark:

Remark 1 According to the results of [2] and [15], if we restrict the integration in (1.3) by
INil < L =2+4dy/2, consider the polynomials {pknL 122 orthogonal on the interval [—L, L]
with the weight eV and set ¢I(£n,L) e_”v/2p( Ly , then for k < n(1+ ¢) with some e >0

suppy<p [0 () = V)] < eC, [l (£L)] < e € (2.1)



with some absolute C. Therefore from the very beginning we can take all integrals in (1.3),
(1.8), (1.13) and (1.12) over the interval [—L,L]. Note also that since V is an analytic
function in Q[dy,ds] (see (1.17)), for any m € N there exists a polynomial V,, of the (2m)th
degree such that

Vi (2)| < Co,  |V(2) = Vip(2)| < e ™, 2 € Q[d1/2,dy/2]. (2.2)
Take
m = [log? n] (2.3)
and consider the system of polynomials {pén’L’m)}zo:O orthogonal in the interval [—L, L] with

respect to the weight e~V Set @Z)]E:n’L’m) = p,(cn’L’m)e_”Vm/2 and construct MS}") by (1.12)

with w,gn’L’m). Then for any k < n+ 2n'/? and uniformly in X\ € [—L, L]

[ () = g B )] < emCletn et B (n) — g (V)] < e Clog’n

H./\/lg)bvn) _ M(O,n)” < e*Clog2 n, ||(M1(q(1),n))71 - (M(O,n))le < e*Cngn' (2.4)

The proof of the first bound here is identical to the proof of (2.1) (see [15]). The second bound
follows from the first one because the operator € : Lo|—L, L] — C|—L, L] is bounded by L.
The third bound in (2.4) follows from the first, and the last bound follows from the third one

and from the fact that H(M,S?’"))—lu is uniformly bounded (see [19]). Hence
|Sn,m(Amu) - Sn()\aﬂ)‘ é C’I’L e—Cloan S 6_0, lOan, (25)

and below we will study Sy m(X, 1) instead of Sp(A, p). To simplify notations we omit the in-
dexes m, L, but keep the dependence on m in the estimates. For more detail of the replacement
see [19].

To formulate the result of [19] (see Corollary 1) on the representation of (M©™)~1 we
need also to introduce a few Toeplitz matrices. Consider the infinite matrix P = {ij}‘;"k:_ .
in la[—00, 0o] with entries

1 (7 -
Pik = 75— / P(2cosy)etU=Fvdy, (2.6)
and R =P~ 1,
1 [™ etli=Kzgy
On) _ rp. 1n—l1 =R, = - 2.
R (Rjktjezo Rk = Rjs 2 /,r P(2cosz) (2.7)

It is important that (see [19], Proposition 1)
[Ril < em97H (RO 4] < embH, (2.8)

where ¢ > 0 is some n-independent constant. Remark also that if we denote by J* an infinite
Jacobi matrix with constant coeflicients

T ={Jk}he—oor ik = 01k + 0j-1 ks (2.9)

then the spectral theorem yields that P = P(J*), R = P~1(J*).

Two more matrices which we use below have the form

DO = {D;}0les Dik = 81k — 0jo1he (2.10)



and V() = {V;}%_, where

(", (wl” ))a, i1,

(1/}(n (wln )/) 0(6_010g2”)7 ]Sl (211)

Via = sign(l — )5, V™), = {

Here O(e~C108"m) appears because of the integration by parts and bounds (2.1), (2.4).
According to Corollary 1 from [19], under conditions C1-C4

my 1 -
(MOm) )J e = Q(O + iajbk +0(n~?10g% n), (2.12)
where
Q(On)_l V(OOO) for 0<j<n—-2m,0<k<n, (2.13)
7k 2 (R(O")) 1D(O”))]k, for n—-2m<j<n,0<k<n. '
and
a; = (RO e )y, b= ((RO™) 1)y, rii =R (2.14)

with R; defined by (2.7).
Note that since (R)J_é = Pjr =0 for |j — k| > 2m — 2, the standard linear algebra yields

that (R(O™)~1 possesses the same property, i.e.,

(R(O”)) =0, for’j—k’>2m—2=>Q _07 f0r|j_k’>2m_2‘ (2'15)

Jk

2.2 Representation of the scaled kernel I/C; near the edge point.

Lemma 1 If we denote

on(x) = n YOy 200 (2 4 g/ yn?3) () = VO V200 (2 4w /yn?/3), (2.16)

then
Sal@y) = Knlw,y) + yun(@)egn(y) + rale.y)
Daleny) = 5 Kaleid) = Gn(@)pnly) = 5ol (2.17)
Tu(ey) = TKn(wy) + geba(@)eonly) + () (@.9)

where

0 —
7 (2, y)ll, IIa—yrn(:c,y)lh, [(ern) (@, 9)|l1 < Cn~'/log® n. (2.18)

Proof. Since (2.12)), (2.13)) and (2.11) imply for j <n —2m

n—1
0> (MOD) e (1) =~ (1) + O ™),
k=0
we have
n—2mn-1 n—2m ,
-n Z Z¢§n On)) ,keq’bl(gn)(ﬂ) _ Z ¢§n)(A)¢§n)(N)+O(e_Clog . (2.19)
7=0 k=0 =



For n —1 < j > n — 2m we need to use the result of [19] (see Eq. (68)), according to which
for any |p — n| < 4log®n we have

5 () — wy () = *123,”% es(1)

- n_l Z R((,]m wln - Z Rp lwl (M), (2.20)
l=

where the remainder terms e, () satisfy the bounds

—1/2 log* n.

lepllz2(—r,0) < Cn
Therefore the scaled functions €,(x) = n~3e,(2 + x/yn??) admit the bounds
1Ep| 221y < Cn 2 logh .

Hence, using the definition of D™ (2.10) and (2.20), we obtain

n—1 n—1 n—1
—n 2 YA (RO TDOV) e = 3 w0
j=n—2m+1 k=0 ’ j=n—2m+1
n—1
n n .
e Y TR A P ), (221)
j=n—2m+1

(1)

where 7y, ’ (A, 1) collects the terms, which appear because of the second sum in the r.h.s. of
(2.20), and i )()\, p) collects the remainder terms e, of (2.20):

n—1 oo

W = S S SRR e

j=n—2m+1 p=0 l=n

n—1 n—1
rP0u) = Y SOROM)I (Aey (u).

j=n—2m+1 p=0

Definition 1 We will say that some remainder kernel i )()\,,u) (v =1,2,...) satisfies the
bound B with exponents k1, ko and K3, if

=230 (2 + & /0232 + y/yn?3)||, < Cn~"'m"2 log" n. (B)
According to the results of [5], we have
n oy 12 (2 4 /) = Aiw 4 (n— ) eanVP)(1+O(Y),  (222)
[n Oy P 2 /)| < Ce
where c, is some constant not important for us. These asymptotic implies, in particular, that

[In =8y (2 4 )| 2y < €
In =8y =12 (@ + /) 21y < €, (2.23)



Using the asymptotic, (2.8) and (1.16]), we obtain that r,(ql)()\, ) satisfies (B) with k1 = 1/3,
Rg = 1, K3 = 0.

Similarly, using (2:20), (2.22), (2.8) and (L.16), we get that 7\ (A, p) satisfies (B) with
K1 :2/3, R9 = 1, K3 =4.

Moreover, if we denote

n—1
rO 0w =ned@ () S @) = ) RO (2.24)
j=n—2m+1
then (2.19) and (2.21)) give us
n—1n—1
— 033 AN MOP) e (1) = Kn(A )
=0 k=0

+ S (W (V(ROM) ey, u) + DO )+ O ) +rP (), (2:25)

where u is a vector, whose components are given by
w=1, i€n—-2mmn—-1], u;=0, i¢&[n—2m,n—1], (2.26)
and the remainder term (Y in view of (2.22), (2.8) and (1.16)) satisfies the bound (B) with

K1 = 1/3, Ro = 1, K3 =0.
Now we consider the term (see (2.12))

n—1 n—1
n n n
AN =5 D a0y D b ().
k=n—2m j=n—2m

Using (2.20) and (2.22), similarly to the above it is easy to obtain that

A1) = 5 (a,u) (b, ) 2 ) 00 () + 78D (0, ), (2:27)

where u is defined in (2.26), and the remainder iV satisfies the bound (B) with k1 = 1/3,
R = 0, R3 = 0.

Let us find (a,u)(b,u). Making transposition in (2.12) and taking into account that
(MO =1 and DO are skew symmetric matrices, we get

_ L, (0m) o (Or) — 1 _
— (MOl = —5(13(07 )(ROM) 1)j,k+§akbj +O0(n"?logn).

Taking the sum of the equation with (2.12)) and applying the result to u we get

(@, u)(b,u) = %([D(O’"), (RO u,u) = =(ROM) ", DOMu) + O(n~*m? logn).

But it is easy to see that
D(Om)u = —€n—1+ en—2m + en—2m—1
Hence,

(a,u)(b,u) = (RO Ten_1,u) — (RO™) M ep_om + en—am—1),u) + O(n~?*m?logn).

10



Moreover, since P = R~! has only 2m — 2 nonzero diagonals, the standard linear algebra
argument yields that for j < n — 2m (R(O™)~le; = Pe;. Then, using (2.6) and (2.26), we
obtain

(P(en—2m + €én—am—1),u) = P(2)

Finally
(a,u)(b,u) = (RO™) e, _1,u) — P(2) + O(n~?m?logn). (2.28)

Then, combining (2.25) with (2.28) and bounds (B) for r,(la)()\,u) with a = 1,2, 3,4, we get
the first line of (2.17). The second line of (2.17) can be proved similarly, if we use that (2.22)
can be differentiated. To prove the last line of (2.17) we used that (2.22) implies that for
|k —n|=o(n)

levr(p)| < Cn~ Y2, (2.29)

Hence
levn(2 + 33/7n2/3)|’L2(w71) <Cn 2 (2.30)

Using these bounds we get the estimates for er(M(\, u) and e (X, ). The bound for
er@® (X, p) and er® (X, p) follow from (2.20) (1.16), (2.23) and (2.8).
U

Let us transform the kernel K,,. We use the representation

n—1 oo )
Ko(\w) =5 DD VT ") /0 av (67 O+ )6 (a4 v) + 0 (o ) (A v))
k=0 j=n

(2.31)

0 0
The representation can be obtained by taking Y + n from both sides of (2.31) and using
1

0
of (2.11) to expand aw,gn)(A) with respect to the basis {1/1](-71) 152y
Using the same trick as above, on the basis of (2.22) and (1.106) it is easy to show that

n—1 oo 00
Kauit) = 5 (| VI ) [T (600 0 0)
k=0 j=n

O (U (A ) DO p). (232)

where 7“,(15)()\,/1) satisfies (B) with k1 =1/3, kg = k3 = 0.
Moreover, using (1.22), we have

n—1 oo n—1 oo e’}
V=Y Y V(I =)D VT + 0T = > kVi+0(n™),
k=0 j=n k=0 j=n k=1
where Lo
Vi=— V'(2cos x)e du.
2 J_,

On the other hand, it is evident that if we consider

n—1
V(z) = Z Vi sin kz,
k=0
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then

s d —
V= @V(az) . +0(nh).

But it was proved in [19] (see Lemma 1) that V(z) = sinxP(2cosz). Thus we get
Vi =P(2)+0(n™),
and we obtain from (2.32) that the kernel K,, from (1.23) can be represented in the form

1

Kn(,y) = 5 /OOO dz V(2 + 2)@n(y + 2) + Un(y + 2)pn(z + 2)) + 0 (z,y),  (2.33)

where Hrﬁf)Hl < Cn~'/3. Hence, the kernel S, is represented in the form

Sulep) =5 [ d(nlr+ Dpnly +2) +Uuly + (o +2)
+ gwn(ﬂv)egpn(y) +ra(x,y), |lralh < Cmn~ Y3, (2.34)

Corresponding representations for D,, and Z,, follows from this one.

2.3 Limiting transition in the kernels

We will prove now that the kernels S,,, D,, and Z,, converge to their limit in the corresponding
trace norms. As it was ‘mentioned in Introduction, it is enough to show the convergence of
det(I — IC,,) to det(I — Qu;), i.e., to prove assertion (ii) of Theorem 1.

Using (2.34), we can prove that S,, converges in the trace norm to Sg4;, repeating al-
most literally argument of [24], but using (2.22)) instead of classical asymptotic for Hermite
polynomials. Indeed, relations (2.22) yield

Tim (- + 2) = Ai(-+ 2) |2y = 1 [[a- +2) = AiC + Doy = 0. (235)
Let us prove that K, : L?*(w) — L?*(w) of (1.23) converges in the [|...|[; norm to Qu; :
L?(w) — L*(w), where @ 4; is defined in (1.9). Using (2.22), (1.9), and (1.16) we have
1K — Qaill1 < (2.36)
1

2
X ([len(- + 2) 21y + [0n( + 2)[|2@-1) + JAi(- + 2)[| L2-1)) d2

< 0/0 (e +2) = Ai( + 2)l| L2y + 1¥( + 2) = Ai( + 2)||2(w)) e *dz

5 /OOo (lon (- +2) = Ai( + 2)llr2q) + 1n (- +2) = Ai(- + 2)|]220))

for some n-independent C' > 0. Here we have again used (2.22)), implying
lon (- + 2)llr2-1) < Ce™ |[Wn(- + 2)l|r2-1) < Ce™7. (2.37)

Now we can use the dominated convergence theorem to make the limit n — oo in (2.36)).
To pass to the limit n — oo in ¥, (x)ep,(y), remark that uniformly in y > s

n?/3y(L-2)
eon(y) = cp — / on(2)d,
Y

1 [m*(L-2) nl/2 L
Con = 5 pn(2)dz = —— [ PT(N)dA, (2.38)
2 2/3 2
—n?/3y(L+2) —L



where L was defined in Remark [I. But according to the results of [5],

2—n—1/4
nt/2 / P (N)dA — 0,
—24n—1/4

L —2-—n—1/4
n'/? (/ +/ ) Y (A)dA — 0, n— occ.
24n—1/4 —L

Thus, (2.22) and the evenness of w,(Ln) yield

24n—1/4 00
lim c,, = lim n'/? P (N)dA = / Ai(z)dx =

n—0o00 n—oo 9 _p-1/4

Moreover, (2.22) allow us to pass to the limit n — oo in the second term of the representation
(2.38) of €py,. Thus we have uniformly in y > s > —o0

hm epn(y) =1 —/ Ai(z
Now (1.16) implies

i (1Cu(o.0) + o)) = Qo)+ 34i0) (1 [~ i),

n—oo
where the limit is understood in the || ...||1-norm.
To prove that —9,K, : L?(w™!) — L%*(w) converges in the ||...|[; norm to —9,Qa; :

L*(w™') — L%(w), we repeat the argument used in (2.36)), taking into account (1.16) with

w1 = w~ ! and wy = w. Moreover, we use the relations (2.35),

lon (- + 22y < C'e™, (- + 2)llL2w) < C'e™7, (2.39)

and
i [[@ (- +2) = A+ 2l = [+ 2) — A7+ 2)] gz = 0.

We obtain then
lim (_8ylcn(xay) - wn(x)@n(y)) = _ayQAi(-Tvy) - %Al(m)Az(y),

n—oo
where the limit is understood in the |[|...||; norm.
We are left to prove that Z,, : L*(w) — L*(w™!) converges in the ||...||; norm to the

operator from L?(w) to L?(w™!), defined by the kernel

[ o= 1Quta’ pya

By (2) = / T (@) () = / " ')

To this end denote

Then
con(@) = 5 [ enla)ds’ = Buo) = ¢, ~ Buf0)
cinl@) = 5 [ @)~ W) =~ 0,0
Klo9) = 5 [ delebnlo+2)ony-+2) + epnlr+ 2ty +2)

o0

A=W+ 2)pn(y + 2) + Bule + 2Wnly +2)) + 52 T (y).

N

S~
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Here the second relation follows from the fact that 1, is an odd function (because 1&7(?_)1 is
odd), and the third one follows from the first, and the second, combined with (2.38). Hence,

repeating again the argument used in (2.36)) and taking into account that (2.22) implies

lim ||, (z) —/

T

o0

Ai(a!)de|| 21y = lim H@n(:c)—/ Ai(a!)da|| 21y = O,

and
Wn (- + 2)|[ 201y < Ce ™2, @ + 2)||z2(0-1) < Ce?,

we obtain

lim Z,(y) = - [ Qulep)as

% ( /y Ai(2')da’ + / " Ai(a')da /y N Ai(y’)cly’),

where the limit is understood in the ||...[|; norm. Thus we have proved assertion (ii).
Note that we have also proved that lim, . Kpn(z,y) = Qai(z,y) uniformly in z,y €
(s,00). Hence assertion (i) is also proved. O
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